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In this review concentrates on the multiband superconductivity. We consider the physical properties of super-
conductor MgB, and use our two-band model to explain the two coupled superconductor’s gaps of MgB,.
To study the effect of the increasing T, in MgB,, we used the renormalization group approach and phase
diagrams. In the field of superconductivity we Meet the problem-maximum which consists in the creation of
room-temperature superconductors. We consider this problem in our review and make some recommendations

on the search for these superconductors.
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1. INTRODUCTION

In this chapter, we present the theory of superconduc-
tivity with regard to a complicated multiband structure
of superconductors. Calculations of the band structure
of cuprate superconductors indicate that several energy
bands intersect one another on the Fermi surface in these
compounds,' and the Fermi surface passes through high-
symmetry points which correspond to the Lifshitz elec-
tronic topological transition. In addition, the discovery of
two-gap superconductivity in two-band superconductors
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MgB, allows one to consider the possibility of using a
multiband theory of superconductivity. In Section 2, we
analyze the problems of multiband superconductivity and
superconductivity at room temperature. In Section 3, we
study the physical properties of superconductors MgB,
and problems of two-gap superconductivity, as well as the
phase diagram for superconductors MgB, on the basis of
the renormalization group approach. In the field of super-
conductivity, we meet the problem-maximum—the cre-
ation of room-temperature superconductors. We consider
this problem in our book and give some recommenda-
tions on the search for these superconductors. The discov-
ery of new class of high-temperature superconductors—Fe
based layered compounds—aroused a significant interest
at the beginning of 2008 and gave hope for a progress
in the synthesis of novel high-Tc superconductors up to
room-temperature superconductors. This superconductors
belong to multiband superconductivity , involving from 2
to 5 bands.” The results of this review were obtained by
the authors and published in Refs. [1-8].

The theory of superconductivity arising from the
electron-phonon interaction mechanism by Bardeen,
Cooper and Schrieffer (BCS)® has been well established,
and it is now the standard theory for superconductivity.**
In review,'® we have considered non-BCS mechanisms
via spin fluctuations, charge fluctuations (plasmons) and
electron excitations (excitons), which have attracted great
interest, for example in relation to the possibility of
high-T, superconductivity. These mechanisms have the
common characteristic that the electron—electron (e—e)
interaction is an origin of the superconductivity. After
the discovery of the high-T. copper oxides,'* Anderson'*
emphasized an important role of the e—e interaction. Over
the past decade, many non-BCS theories'>?° have been
proposed, but they do not converge as a unified and
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Multiband Superconductors

well-accepted theory yet. On the other hand, experimen-
tal studies on copper oxides have revealed the following
characteristics:

(1) These species are antiferromagnets before doping, in
accordance with the importance of the e—e interaction;
(2) The high-T, superconductivity appears in the interme-
diate region of the metal-insulator transition and disap-
pears in the metallic or overdoped region.?'

Accumulated experimental results on the species and
related materials suggest a guiding principle that the doping
in magnetic systems, more generally charge-transfer (CT)
insulators, may provide several exotic phases which are
(a) Ferromagnetic metal or insulator,

(b) Spin glass,

(c) Paramagnetic metals,

(d) Antiferromagnetic metals,

(e) Ferrimagnetic metal or insulator,

(f) Charge- or spin-mediated superconductor.

Relative stabilities of these phases should be depen-
dent on several factors. The theoretical description of
such phases and phase transitions in a systematic fash-
ion is quite hard. Recently, the importance of multi-
band effects in high-7, superconductivity has been pointed
out.®%!! In the framework of the two-particle Green func-
tion techniques,>® it is shown that a class of new so-called
coupled states arises in the electron-phonon system. The
model numerical calculations have shown that the super-
conducting (SC) gap depends on the number of bands
crossing the Fermi level, and the temperature depen-
dence of the SC gap for high-7, superconductors is more
complicated than that predicted in the BCS approach.
We have also investigated anomalous phases in a two-
band model by using the Green function techniques.?* %’
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The expressions for the transition temperature for several
phases have been derived, and the approach has been
applied to the superconductivity in molecular crystals by
charge injection and field-induced superconductivity.

In this review, we investigate the superconductivity by
using the two-band model and the two-particle Green func-
tion technique. In the framework of the two-band model,
the coupled states in the electron system and the conditions
under which the coupled states can appear are investigated.
We apply the model to the electron-phonon mechanism
within the traditional BSC method, the electron—electron
interaction mechanism for high-7, superconductivity, and
the cooperative mechanism in relation to the multiband
superconductivity.

2. MULTIBAND HAMILTONIAN

In this section, we summarize the two-band model for
superconductivity, introduce a two-particle Green function
and investigate the spectral properties of the model.

2.1. Hamiltonian
We start from the Hamiltonian for two bands i and j:

H = Hy+ Hiy (1)
with
H, = Z[[Si - M]a?l—uraik(r + [3/‘ - :u’]a;im'ajk(r] (2)
k, o
H = 1 it at ot
it = > 2 apys%ip a%ip,p%ipsyip,s

5(p1+p2. P3+ps) By
. . iijj + + . .
(= )+ Toapysip,aip,p%ip,y@jp,s + (0 = /)

+ Fgéjyéa?}—)laaﬁ’zﬁaipﬂa/mﬁ + (l - -])] (3)
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where I' is the bare vertex part,

Tt = (P ajP,BIkDs YIP48)8.504,
— (ip,jP,B|IP40kp;Y) Sy Ops (4)

with
(ip1ajp,BlkpsyIp,6)
= [ dridr, ¢}, (1)}, 5(r)
XV (1, 12) i, (1) bip (1) )
and a;(, (@) is the creation (annihilation) operator cor-

responding to the excitation of electrons (or holes) in the
ith band with spin o and momentum p, u is the chem-
ical potential and q,')j‘pa is a single-particle wave func-
tion. Here, we suppose that the vertex function in Eq. (3)
consists of the effective interactions between the carriers
caused by the linear vibronic coupling in several bands and
the screened Coulombic interband interaction of carriers.
When we use the two-band Hamiltonian (1) and define the
order parameters for the singlet exciton, triplet exciton and
singlet Cooper pair, the mean field Hamiltonian is easily
derived.'™2>26 Here, we focus on four-electron scattering
processes:

&= (it it) = (j lJn (6)
&= (i | jj) = (jlid) ()
& =(ij i) ={ilJji) (8)
g =(ij [ jiy = (jilij) )

g, and g, represent the intraband two-particle normal and
umklapp scatterings respectively, g; is the interband two-
particle umklapp process and g, indicates the interband
two-particle interaction on different bands (see Fig. 1).
Note that I"’s are given by
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where an antisymmetrized vertex function I' is considered
to be a constant independent of the momenta.

The spectrum is elucidated by the Green function
method. Using Green functions which characterize the
CDW (charge-density-wave), SDW (spin-density-wave)
and SSC (singlet superconducting) phases, we obtain
a self-consistent equation, according to the traditional
procedure.! 2*2° Then, we can obtain expressions for the
transition temperature for some cases.

In the framework of the one-band model, the electronic
phases are characterized by

-8 —28;+g,>0 for CDW
g +8,>0 for SDW
—g, >0 for SSC

In the framework of the two-band model, we have
already derived expressions of the transition temperature
for CDW, SDW and SSC. In the previous papers,' 242
we have investigated the dependence of 7, on the hole or
electron concentration for the superconductivity of copper
oxides by using the two-band model and have obtained
a phase diagram of Bi,Sr,Ca,_,Y Cu,O4 (Bi-2212) by
means of the above expressions for the transition tem-
perature. The dependence of 7. on Ap can be repro-
duced in agreement with the experiment.!-2*2® Recently,
we have also obtained phase diagrams of copper oxides,
anthracene, oligothiophene and C, crystals by using the
analytic solutions.!24-26

2.2. Two-Particle Green Function

In this subsection, we introduce a two-particle Green
function'? to investigate the physical properties of super-
conductivity in the two-band model. In statistical mechan-
ics, Green functions are a convenient generalization of the
notion of correlation functions. Like the latter, the former
are closely related to the calculations of observables and

| R (8,585, —8.,,845) give the well-known advantages in the construction and
apys = Lapys = 8104508y ay9Bs . . . .
the solution of equations. First, let us define one-particle
Togye = Lagys = 82(80585, — 84,055) Green functions:
ijij i .
Faﬁvﬁ - Faﬁvﬁ - g38a58ﬁ7 - 3480178B5 (10) Gk, t'—1)= <_lT[avka'(t)a:—kn'(t,)]> (11)
e
=g e,
T et T
Joeween Y . NS ) ........ J i (BT Tr T T s j
= =83 = ~84
PN N > ,,,,,,, J ]>. i Joeeerens >. ............... >. ....... Ji i
Fig. 1. Electron—electron interactions. Dependence of g on the direction in the momentum space is ignored in this model [g (k) ~ g, (x =1, j)]. We

assume that g, is constant.
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where o and v represent labels for a spin and a band,
respectively. The equation for a Green function derived by
using the two-band model (1) is written as

i (=T[4 (e, ()
:6(t—t/)+<—iT[ #m e (1 )D (12)

where
. aavk(r (Z)
jvke V)
at
The equation for the Green function (12) is rewritten after
inserting Eq. (13) as

i (=T [, (Dl (V)
= 80— )+ [6, — (T la, (Dal, ()

= [a,p> H] (13)

vko

1
+§Z Z g1(805837—807855)
BYd 3(k+py, p3+Ps)
X G1P7 (3. Py P, ki 1. 1)
T3 ZZ Z g2(8”’5857_807855)
v By8 8(k+py.p3+ps)
x 3552(1)3, PPy ki1, 1)
+ 5 Z Z Z (g38”58ﬁy — g48rry855)
v By8 8(k+p2.p3+ps)
X Viﬁyy(p3,p4,p2,k t l) (14)
where
yﬁBo-

s (P35 Py Py, K3 1, 1)
= (T [y, (Va5 ()T 1 = O)af, (1)) (15)

;/Srﬁ/(r (p’h p49 pz, k t l)

v'v'vy

= <_lT[av’p3y(t)av’p45(t)a:—p2ﬁ (t - O)ajkn'(t/)]> (16)

8Bo
yfw(pbpmpz,k t, l)

= <_lT[aVP37(Z)aV'P45(Z)a;P2/3 (t - O)a:—k"' (t,)]> (17)

V" indicates a band different from v. To calculate the den-
sity of electron states, we have to focus on the case where
t" — t —0. The two-particle Green functions in Eq. (14) is
rewritten as G,(ps, Py, P2, K; t — 1) (' — 1 —0).

In this study, we investigate only the spectral properties
of two-particle Green functions for the superconductivity.
Therefore, we focus on the following two-particle Green
function:

y,iﬁy;r(p%pmpz, k;1,1)

= (T [y (Dt (DS 5 (1 )i, ()] (18)

For simplicity, we consider only three cases:
(i) g #0 and others = 0
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(ii) g, # 0 and others = 0
(iii) g, #0, g, # 0 and others = 0.

2.3. Traditional Superconductivity

In general, in the framework of the BCS theory, the
Hamiltonian is described by a single-band model. In the
effective electron—electron interaction (Eq. (1)), we con-
sider that g, # 0 and others = 0 and focus only on the
single-band model. According to the approach 101 used
for phonon systems which is based on the method of
Bogoliubov and Tyablikov,>” we can derive the equation
for a two-particle electron Green function. The spectral
features of the electron system in the mentioned region of
energy are described by the Fourier transform of this func-
tion. For the simplest case of a one-electron zone crossing
the Fermi energy level, it can be given as

SBo f(k’ k/’ 6()) Za’,(r’ (,b(O', OJ)
YWBW (P3, P P2 ks 1 — 1) = 7
1-g2K(w. kK, q)
(19)
where
2—nyg =y
K(w,k, K, q)= V—Vq (20)
2o -8 q— 8y,

n, indicates the filling number of electrons and g, is the
effective Fourier transform of the e—e interaction. If the
e—e interaction constant renormalized by the electron-
phonon interaction becomes negative, coupled states will
appear in the electron system. In the previous papers,'
we have presented analysis of the spectral properties of
the two-particle Green function. According to the same
procedure,!? we obtain the equation for coupled states in
the electron system:

| Al
l—glN(sf)I:—lnll——I:| =0 (21)
I aj|
where
N(ep) =N2mmy/mie2=nig—mp Moo, (22)
1
ny = 23
K expl(sf —&,)/T]+1 (23)
a=2(w—g;,—A,—E), E=k*/2m, e =q*/2m and m}, =

m,/m. m’} means the reduced effective mass of the elec-
tron in the crystal energy zone. m is the mass of the free
electron. If g, <0, we can find solutions to Eq. (21) for
superconductivity.

2.4. Copper Oxides
In copper oxides, the effective e—e interaction g, is
important for realizing the high-T, superconductivity.?% %’
Therefore, we consider that g, # 0 and others = 0. The
two-particle Green function (18) is rewritten as

y&ﬁo’

-

(P3: Py P K5 1= 1)

[k K, 0) 3, , ¢(o. o)

, (24)
1-g3Y ¢ K0, KK, q,q)

4
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where

K)(w,k,K,q,q)

(2= qmg = M qra) (2~ Mg — M)

(2(1) - 811:,+q7q’ - 31V(Lq+qr)(2w - 811:+q - glz’fq)

(25)

According to a similar procedure in previous papers,'?
we study the situation near the extremum (minimum or
maximum) of the electron zone. Then we suppose that k =
k' =k, +Kk", and &}, = &” corresponds to the extremum of
the zone. We expand the energy in the momentum k 4-q
in a series up to terms of the second order and suppose
that the energy extremum is located near the Fermi-level
energy. Then, the sum in the denominator of Eq. (24) is
approximately reduced to the following expression:

Y Kok K, q,q)

q.q

~ N(s;)zv(s;’)lni (1 - %) (1 - %) i (26)
| a, a, /|

Therefore, we obtain the equation for coupled states in the
electron system:

1—gN(eh)N(&)) lni (1 - 2A> <1 - ?)i =0 (27)

ay v

From Eq. (27), we find the possibility of the existence of a
solution for the coupled states, if g, # 0. Thus, the effective
e—e interaction g, with a positive value contributes to the
superconductivity.

2.5. Cooperative Mechanism

Here, we consider that g, # 0, g, # 0 and others = 0.
In a similar way, the two-particle Green function (18) is
approximately derived as

G'y§/30'

p—

(P3- P4 Py ks 1 — 1)

fKK,0)Y, (0,0
[1—(g1+8) XK (0, kK, q)][1- (g —8) X K (0, kK, q)]
(28)

where K (w,k, K, q) is as given by Eq. (20). The sum-
mation in the denominator of Eq. (28) is performed in
a similar way, and the equation for coupled states in the
electron system is approximately derived as

N
1= a1 — 2]

[ Al

x[l—(gl—gz)N(af)lnil—zﬂ =0 (29
When g, +g, <0 or g, — g, <0, we can find solutions to
this equation.
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2.6. Room-Temperature Superconductors

In the previous subsections, we have approximately cal-
culated two-particle Green functions for three cases—
traditional superconductivity, copper oxides and the
cooperative mechanism—in the framework of a two-band
model. From these Green functions, we have derived the
equation for coupled states for each case. In the case of
a single-band model, which indicates traditional supercon-
ductivity such as the BCS theory, it is necessary that the
effective e—e interaction be negative (g, < 0) in order to
realize the superconductivity. The maximal transition tem-
perature for the superconductivity predicted by the theory
is about 40 K. On the other hand, we can expect, in a two-
band model for negative g, that the transition tempera-
ture becomes higher than that derived within a single-band
model, because of the tunneling of Cooper pairs between
two bands. The tunneling of Cooper pairs causes stabiliza-
tion of the order parameter of the superconductivity.?*=2
In the framework of a two-band model, we consider that
the Fermi energy level crosses with two bands. The results
derived from the two-particle Green function in the previ-
ous section suggest that the superconductivity appears for
g, <0 or g, > 0. Note that g, contributes to SDW. From
the results derived from calculations involving g, and g,
(cooperative mechanism), we expect a higher 7. than that
of copper oxides.

On the basis of the results obtained in this section, we
present a schematic diagram for superconductivity, shown
in Figure 2. The mechanism of high-7, superconductivity
of materials such as copper oxides might be around the
cooperative mechanism in the figure. In what follows, we
calculate a two particle Green function in the two-band
model and derive an equation for coupled states. In the
framework of the two-band model, the results predict that
superconductivity appears even if the e—e interaction is

/
7

L ‘/6oop ative

1 mechanism (300 K)
! |
! I
1 — 22

Organic
crystals

’,

/
CuO5 (100K)

MB

Fig. 2. Schematic diagram for superconductivity. MB means multiband
effects.
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positive. We can expect that the transition temperature is
higher (300 K) than that for copper oxides by the cooper-
ative mechanism.

Let us discuss the problem of superconductors operat-
ing at room temperature (RTSCs). It is obvious that the
main task in the field of superconductivity is the fabrica-
tion of materials with superconducting properties at room
temperature. The study of HTSCs is only a stage on the
way to the main purpose, namely to the development of
RTSCs. At the present time, the highest known 7, = 135 K
(at the atmospheric pressure). Now there occurs a wide-
scale search for such superconductors. Since none of the
known physical laws allows one to exclude the possibil-
ity for RTSCs to exist, the future discovery of RTSCs
seems to be without doubt. New materials are created
by means of physical and chemical modifications of the
known compounds, including the application of nanotech-
nological methods. The creation of new materials with
preassigned physical properties is one of the actual prob-
lems of modern science. At present, various approaches
are being developed in order to avoid the labor-consuming
sorting of different chemical compounds and conditions
of synthesis, i.e., to optimize the solution of this prob-
lem. One of the most efficient and promising solution is
the method of structural design. In Ref. [33], the struc-
tural design was used in solving the problems related to
the search for new HTSCs on the basis of complex copper
oxides.

We now present the recommendations concerning the
search for new HTSCs with higher critical tempera-
tures which were advanced by the Nobel Prize winner
Miiller.** He divided the well-known HTSCs into three
classes:

(1) Layered cuprates,
(2) MgB,,
(3) Doped fullerenes of the type K;Cg.

Miiller emphasizes that the discovery of cuprate super-
conductors was promoted by the concept of Jahn-Teller
polarons. Two singlet polarons form a bipolaron. Bipo-
larons are able, in turn, to form metallic clusters (stripes).
Miiller indicated the following factors which should be
taken into account in the search for new HTSCs:

(1) Superconductivity is favored by a layered (quasi-two-
dimensional) crystalline structure;

(2) Oxygen ions are proposed as anions;

(3) Fluorine, chlorine and nitrogen can be considered as
well.

It is worth noting that the recent discovery of FeAs super-
conductors eliminated the monopoly of cuprates in the
physics of HTSCs. It is possible that new superconduc-
tors should be sought in the other rows and columns of
the periodic table. It is necessary to concentrate efforts
on the purposeful search for and the creation of new
HTSCs.

Kruchinin

3. TWO-GAP SUPERCONDUCTIVITY

IN MgB,
3.1. The Physical Properties of MgB,
Recently, the superconductivity of MgB, with 7, =39 K,
which is the highest temperature among two-component
systems, was discovered.*> The great interest in the study
of magnesium diboride is related to the fact that MgB, has
occupied the “intermediate” place between low- and high-
temperature superconductors by the value of T,. Therefore,
modern literature calls MgB, a “medium-7, superconduc-
tor” (MTSC). The low cost of this superconductor also
makes it economical for use. We recall that wires made of
cuprate superconductors include 70% of silver, which is
expensive. An important peculiarity of MgB, is its quasi-
two-dimensional structure of the AlB, type. Interestingly,
AlB, is not superconducting. Note that MgB, is another
example of the crucial role played by the lattice structure
regarding superconductivity.*® It is an “old” material which
has been known since the early 1950s, but only recently
discovered to be superconducting. MgB, has a hexagonal
structure;’” see Figure 4.% The results of calculations of
the temperature dependence of the specific heat of MgB,
given in Figure 5 follow the corresponding experimental
data. The band structure of MgB, has been calculated in
several works since the discovery of superconductivity.*
The electronic properties of MgB, are plotted in Figure 3.
The band structure of MgB, is similar to that of graphite
and is formed by the o and 7 zones.

The important problem for superconductivity in MgB, is
the mechanism of superconductivity. It can be the conven-
tional electron-phonon (e-p) mechanism or a more exotic
mechanism. The presence of an isotope effect is a strong
indicator of the phonon mediation of superconductivity.
The large isotope effect oy = 0.26* shows that phonons
associated with B vibrations play a significant role in the
MgB, superconductivity, whereas the magnesium isotope
effect is very small: ar,, = 0.02.%° The total isotope effect is

Fig. 3. The structure of MgB, containing graphite-type B layers sepa-
rated by hexagonal close-packed layers of Mg.
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Energy (eV)

-15

T z M K A A A L

Fig. 4. Band structure of MgB,.

ap+a,, = 0.3, which supports the electron-phonon mech-
anism of superconductivity.

MgB, is a II-type superconductor.’® The discovery of
the superconductivity of MgB, has aroused great interest
in multigap superconductivity.** MgB, has two supercon-
ducting gaps, 4 meV and 7.5 meV, due to the 7 and o
electron bands. The two-gap structure was established in
a number of experiments.*' The plot of the specific heat
of MgB, versus temperature (Fig. 5) demonstrates good
agreement between the theoretical and experimental data.
Both gaps have s symmetry and result from the highly
anisotropic layer structure of MgB,. Although multi-
gap superconductivity was discussed theoretically**=2 as
early as 1958, it was only observed experimentally*?
in the 1980s. MgB, is the first material in which the
effects of multigap superconductivity are so dominant,
and its implications so thoroughly explored. Recent band
calculations®”*} of MgB, with the McMillan formula for
the transition temperature have supported the e-p interac-
tion mechanism for the superconductivity. In this case, the
possibility of two-band superconductivity has also been

C-C,, mJ/mol K

0 10 20 30 40
T (K)

Fig. 5. The MgB, specific heat versus temperature. The line indicates
theory, and the circles represent the experimental data.
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discussed in relation to two-gap functions experimentally
and theoretically. Very recently, two-band or multiband
superconductivity has been theoretically investigated in
relation to the superconductivity arising from Coulomb
repulsive interactions. The two-band model was intro-
duced by Kondo.?> We have also investigated anomalous
phases in the two-band model by using the Green function
techniques.'™ %8 Recently, we have pointed out the impor-
tance of multiband effects in high-7,. superconductivity.'”
The expressions for the transition temperature for sev-
eral phases have been derived, and the approach has been
applied to the superconductivity in molecular crystals by
charge injection and the field-induced superconductivity.*
In previous papers,'™ %8 we have investigated the super-
conductivity by using the two-band model and the two-
particle Green function techniques. We have applied
the model to the e-p mechanism for the traditional
BCS method, the e—e interaction mechanism for high-7,
superconductivity,'® and the cooperative mechanism. In the
framework of the two-particle Green function techniques,"
it has been shown that the temperature dependence of the
superconductivity gap for high-7, superconductors is more
complicated than that predicted in the BCS approach. In
Ref. [4], phase diagrams for the two-band model supercon-
ductivity have been investigated, by using the renormaliza-
tion group approach. Below, we will discuss the possibility
of the cooperative mechanism of two-band superconduc-
tivity in relation to high-7, superconductivity and study the
effect of the increase of 7, in MgB, due to the enhanced
interband pairing scattering. In this section, we will inves-
tigate our two-band model for the explanation of the multi-
gap superconductivity of MgB,. We apply the model to
the e-p mechanism for the traditional BCS method, the
e—e interaction mechanism for high-7, superconductivity,
and the cooperative mechanism in relation to multiband
superconductivity.

3.1.1. Mg,_ Al B,

Critical temperature and other superconducting properties
of two-band superconductors depend on the doping level
as well as the interband and intraband scattering, which
can be modified by chemical substitutions. The influence
of doping on the transition temperature in Mg, Al B, is
illustrated in Figure 6. It is seen that the doping destroys
the superconductivity in MgB,. This can be understood as
a result of the competition of two effects: the first one is
a coupling effect related to the changes of the carrier con-
centration, and the second one depends on the introduction
of new scattering centers leading to a modification of the
interband and intraband scattering.

3.2. Theoretical Model
In this subsection, we will use the two-band model for
superconductivity. We start from the Hamiltonian for two
bands i and j:

H = H,+ H;, (30)

Rev. Theor. Sci., 4, 1-14, 2016
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T, (K)

Fig. 6. The influence of doping on 7. in Mg,_, Al B,. The line indicates
theory, and the circles represent the experimental data.

with
H,= Z[[e (k) — I-L] Aixe Aiko [ej(k) _M]a;k(rajkn'] (31)
k,o
l llll
H, = 7 > > (L yﬁatpla leﬁa’P3Y ipsd

5(p1+p2. P3+Ps) @.B,7,8
oo . .
(l <~ .]) + wﬁjyﬁazp]aazpzﬁajp;yajpﬁ + (l <~ ])
+ Fljgvﬁalplaa/pzﬁatpw joo T (< )] (32)

where I is the bare vertex part,

Faﬁya = (ip;ajp,B | kpﬂ’lp48>5a55ﬁy
—(ipajp.B | lp45kp37>8m/8g6 (33)
with
(ip1ajp,B | kpsBlp,a)
= [ dridr,iy (1) Gl 0 (r)V (11, 1)
X ¢kp3B (r2)¢[p4a(rl) (34)

where a;,,+ (a;,,) is the creation (annihilation) operator
corresponding to the excitation of electrons (or holes) in
the ith band with spin o and momentum p, u is the chemi-
cal potential and ¢ is a single-particle wave function. Here,
we suppose that the vertex function in Eq. (56) involves the
effective interactions between the carriers caused by the
linear vibronic coupling in several bands and the screened
Coulombic interband interaction of carriers.

When we use the two-band Hamiltonian (1) and define
the order parameters for a singlet exciton, triplet exciton
and singlet Cooper pair, the mean field Hamiltonian is eas-
ily derived.!* %3 Here, we focus on three electron scatter-
ing processes contributing to the singlet superconducting
phase in the Hamiltonian ((1):

gn=Cilii), g =ilin (35)
8 = (it | jj) = (jj | ii) (36)
& =(ij ) ={jilJji) (37)
g =(ij 1jiy = (i lij) (38)
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where g;; and g;, represent the ith and jth intraband two-
particle normal scattering processes, respectively, and g,
indicates the intraband two particle umklapp scattering
(see Fig. 7). For simplicity, we consider the three cases in
Refs. [4,5]:

(i) g, #0 and others = 0;

(ii) g, # 0; and others = 0;

(iii) g; and g;, and others = 0, using the two-particle
Green function techniques (see Fig. 7).

It was shown that, possibly, the two-gap superconductiv-
ity arises in case (iii). The superconductivity arising from
the e-p mechanism (g, <0 and g, < g,) such as for MgB,
is in the two-gap region. On the other hand, the supercon-
ductivity of copper oxides (g, > g,) is outside the two-gap
region. These results predict that we may observe two-
gap functions for MgB, and only a single-gap function for
copper oxides.

3.3. Superconductivity in MgB,

Using case (iii) for g;; and g;;, g # 0 and others = 0 to
describe the superconductivity in MgB,. We now have a
reduced Hamiltonian:

H = H,+ H, (39)
where
H,= Z[[ei - M]aji(aaiko + [ej - M]a;k(rajk(r] (40)
k,o
Hy, = Zgliajka:‘r—kai—kaik + Zi —J
+ Zgzaj-kaj;kajfkajk (41)

We now define the order parameters which are helpful in
constructing the mean-field Hamiltonian:

A= Z<aZpTaLN> (42)
P
S>> Dy >
g & g gjl
%%_ __>__5._>__-
— > - D> —
& = &
—_ > _ D> —
SDey> e Dy >
g g g g
%_\._>___ 9_\9_

Fig. 7. Electron—electron interactions. Solid and dashed lines indi-
cate 7 and o bands, respectively; g, g, g and g, contribute to
superconductivity.
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Aj= Z<“;m“;fp¢> 43)
P

The relation between two superconducting gaps of the sys-
tem is as follows:

1—o9.p.f
Aj — gllptflA (44)
gzpjfj
where
(& +ap'"
fi= / (§2+A2)1/2tanh 2T
@+apr @
J
Ji= /E (§2+A2)1/2tanh 2T

with the coupled gap equation

(1—=gup:f)(1 g%f;f/ (46)

We have tried to estimate the coupling constant of the pair
electron scattering process between the 7 and o bands
of MgB, and have calculated the parameters by using a
rough numerical approximation. We focus on one 7 band
and o band of MgB, and consider electrons near Fermi
surfaces. We found that the parameter g, = —0.4 eV, by
using the transfer integral between the d and 6 bands. We
estimate the coupling parameter g, of the pair electron
scattering process by the expression

&= Vklf,zkz (47)

k1, k2

_gjlpjfj) =

Vide= Y uj (kDup (kD)v,u, (k2)u, ,(k2) (48)

TS, tu

where the labels 1 and 2 are the 7 band and the o
band, respectively, u; .(§) is the LCAO coefficient for
the ith band and ¢ is the moment.”>? The indices k1
and k2 are summed over each Fermi surface. However,
it is difficult to perform the sum exactly. In this case,
we used a few points near the Fermi surface. The cou-
pling constant of the pair electron scattering between the
7 band and the o band is g, = 0.025 eV. From numeri-
cal calculations of Egs. (53)—(53), we can also obtain the
temperature dependence of the two-gap parameters (see
Fig. 8). We have used the density of states of the 7 and
o bands (p; =0.2eV~', p; =0.14 eV™"), chemical poten-
tial u = —2.0, the top energy of the o band E; = —1.0
and the fitting parameters (g;, = —0.4 eV, g; = —0.6 €V,
g =0.02 eV). These calculations have qualitative agree-
ment with experiments.’”#** The expression for the tran-
sition temperature of superconductivity derived in a simple
approximation is:

T., =1.13({—E)) ~exp<_—l) (49)
8+P
where |
g+=ﬂ(B+«/Bz—4A) (50)

Multiband Superconductors

—©— Delta _i

|A| /meV

0 10 20 30 40
T(K)

Fig. 8. Electron—electron interactions. Solid and dashed lines indicate
7 and o bands, respectively; g;,, 8 & and g, contribute to supercon-
ductivity.

and
A=81i81j_8§ (51)
B=g+g; (52)
[=—u (53)

From the expressions for 7,.,, we can see the effect of
increase of 7,, due to the enhanced interband pairing
scattering (g,).

Figure 9 shows a schematic diagram of the mechanism
of pairing for two gaps. The scenario is as follows. Elec-
trons from the 7 and o bands make up the subsystems.
For g,, we have two independent subsystems with the dif-
ferent transition temperatures of superconductivity 7, and
T., and two independent superconducting gaps. In our
model, we have two coupled superconducting gaps with
the relation (53) and one transition temperature of super-
conductivity 7, , which is in agreement with experiments.
In this model, we have two channels of superconductivity:
conventional channel (intraband g,) and unconventional
channel (interband g,). Two gaps appear simultaneously in
different bands which are like BCS gaps. The gap in the
7 band is bigger than that for the o band, because the
density of state is 0.25 eV in the 7 band and 0.14 eV in

s )]
M

Fig. 9. Schematic diagram of the mechanism of pairing for two gaps.
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the o band. The current of Cooper pairs flows from the 7
band into the o band, because the density of Cooper pairs
in the 7 band is much higher. The tunneling of Cooper
pairs also stabilizes the order parameter in the o band.
In this way, we can predict the physical properties of the
multigap superconductivity if we have the superconductors
with a multiband structure, as shown in Figure 9.

Thus, we have presented our two-band model with
the intraband two-particle scattering and interband pair-
ing scattering processes to describe two-gap supercon-
ductivity in MgB,. We defined the parameters of our
model and made numerical calculations of the tempera-
ture dependence of two gaps in qualitative agreement with
experiments. We have proposed a two-channel scenario of
superconductivity: the conventional channel (intraband g, ),
which is connected with the BCS mechanism in differ-
ent bands; and the unconventional channel (interband g,),
which describes the tunneling of Cooper pairs between two
bands. The tunneling of Cooper pairs also stabilizes the
order parameters of superconductivity and increases the
critical temperature of superconductivity.

4. THEORETICAL STUDIES OF MULTIBAND
EFFECTS IN SUPERCONDUCTIVITY BY
USING THE RENORMALIZATION GROUP
APPROACH

We present the renormalization equations using the two-
band model and construct phase diagrams for the two-
band superconductivity. In the framework of the two-band
model, the given results predict that superconductivity
appears, even if the e—e interaction is positive. We dis-
cuss the possibility of a cooperative mechanism in the
two-band superconductivity in relation to high-7, super-
conductivity. The recent discovery of superconductivity in
MgB3® has also attracted great interest to the elucidation
of its mechanism from both the experimental and theo-
retical viewpoints. A crucial role of the e-p interaction
has been pointed out for the superconductivity of MgB,.
Recent band calculations of the transition temperature for
MgB3”* with the McMillan formula*® have supported the
e-p interaction mechanism for the superconductivity. In
this case, the possibility of the two-band superconductiv-
ity in relation to two-gap functions has also been consid-
ered experimentally and theoretically. Very recently, the
two-band or multiband superconductivity has been the-
oretically investigated in relation to the superconductiv-
ity arising from Coulomb repulsive interactions.*? The
two-band model was introduced by Kondo.*? Recently,
we have pointed out the importance of multiband effects
in high-T, superconductivity.**® We have also investi-
gated anomalous phases in the two-band model by using
the Green function techniques.>*” The expressions of
the transition temperature for several phases have been
derived, and the approach has been applied to the super-
conductivity in several crystals by charge injection and

Kruchinin

the field-induced superconductivity.*”*® In the previous
section, we have investigated superconductivity by using
the two-band model and the two-particle Green function
techniques.*® We have applied the model to the e-p mech-
anism for the traditional BSC method, the e—e interaction
mechanism for high-7, superconductivity and the coop-
erative mechanism. In the framework of the two-particle
Green function techniques,8 it has been shown that, in the
e-p system, a class of new so-called coupled states arises.
In this section, we investigate two- or multiband effects in
superconductivity by using the two-band model within the
renormalization group approach. Renormalization equa-
tions for the two-band superconductivity are derived from
the response function and the vertex correction of the
model. Phase diagrams numerically obtained from the
renormalization equations are presented. We also discuss
the superconductivity arising from the e—e repulsive inter-
action in relation to the two-band superconductivity.

4.1. Theoretical Model

In this subsection, we summarize the two-band model for
the superconductivity and introduce the renormalization
group approach.*-3°

We consider a Hamiltonian for two bands i and j, writ-
ten as

H=H,+H,, (54)

with

HO = Z[[E (k) l‘l’] zko’ Aixe

k,o

+[€;(k) — ulaly,a,,] (55)

1
Him = Z Z F””'y5alpla 1P23a1P37a1P45
3(p1+p2.P3+Ps) @.B.7.8
i 7
+ (l < /) +1 Byﬁatmaalpzﬁafpsv Jp4d + (l g J)
ijij T . .
+T ﬁvéatma jpspingy@ipys + (i < )] (56)

where I' is the bare vertex part,
Tigs = (iPajp,B | kpyyIp,8)3,504,
— (ip1jp,B | 1p48kp;7)8,, 055 (57)
with
(ip1ajp,B | kp;Blpya)
= [drdrsiy ()55 ()Y (1. 12)
S ¢kp3ﬁ(”2)¢1p4a(”1) (58)

where a aj'p(,(a,.p(,) is the creation (annihilation) opera-
tor corresponding to the excitation of electrons (or holes)
in the ith band with spin o and momentum p, w is the
chemical potential and ¢7,  is a single-particle wave func-

tap)
tion. Here, we suppose that the vertex function in Eq. (56)
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involves the effective interactions between carriers caused
by the linear vibronic coupling in several bands and the
screened Coulombic interband interaction of carriers.

We focus on three electron scattering processes con-
tributing to the singlet superconducting phase in the
Hamiltonian (56), as shown in Figure 10:

g = (ii | ii) (59)
81 = A (60)
& = (i | jj) = (jj  ii) (61)

where g;; and g;, represent the ith and jth intraband two-
particle normal scattering processes, respectively, and g,
indicates the intraband two-particle umklapp scattering.
Note that the I'’s are given by

L’é’ys = 8l (8(158By - 8ay555)
6ay665)

6a'y6/36) (62)

Fijéjys =8&ji (5a553y -
r(;UBJyB = Fij[;l«/a = g2(6a56ﬁ'y -
where we assume that an antisymmetrized vertex func-
tion I' is a constant independent of the momenta.

The spectrum is elucidated by the Green function
method. Using Green functions which characterize the
CDW, SDW and SSC phases, we obtain a self-consistent
equation according to the traditional procedure,?46:47.51-53
Then we can obtain expressions for the transition tempera-
ture in some cases. Electronic phases of a one-dimensional
system have been investigated by using a similar approx-
imation in the framework of the one-band model.”*>* In
the framework of the mean-field approximation within the
two-band model, we have already derived expressions for
the transition temperature for CDW, SDW and SSC. In
Refs. [47,46], we have investigated the dependence of 7,
on the hole or electron concentration for the superconduc-
tivity of copper oxides by using the two-band model and
have obtained a phase diagram of Bi,Sr,Ca,_ .Y Cu,Oq
(Bi-2212) by means of the above expressions for the tran-
sition temperature.

=8j1
s I i >

=82

Fig. 10. Electron—electron interactions. Dependence of g on the direc-
tion in the momentum space is ignored in this model [g (k) ~ g, (x =
i, j)]. We assume that g, is constant.

Multiband Superconductors

4.2. Renormalization-Group Approach

The Dyson equation is invariant under a multiple renor-
malization of Green function and coupling parameters g.
From this invariance for a scaling procedure, we obtain
differential equations for the coupling parameters and the
external vertex of a Cooper pair:

J _ 9 u I
yg;giy,u,g)——gggi<§,;,g(t,u,g)>|§_l (63)

0 J u .
YA InAG. 1. 8) = —lnA(f, g mg)) (64)

3
where y and u are parameters with the dimension of
energy, g is the set of original couplings and A is the
external vertex.

é=1

4.3. Vertex Correction and Response Function for
Cooper Pairs

To solve Egs. (63) and (64), we estimate the right-hand

side of Eq. (63) by using the perturbation theory. We con-

sider the lowest-order correction to the vertex for a Cooper

pair, as shown in Figure 11. From these diagrams, we

obtain
~ 2 2
8i 8i —8i =&\ (L
)=+ (o 2)) @
81 81 —8&j1 —& LJ'
g g —818 —88\ [ Li
()= o e )() oo
& & —8182 —828i1 Lj

T
N

with

L, =1I;(k, w) = Z Gi(q, 0)G(k—q, v — )

q.0

L, =11k, w) = % > Gi(q.0)G;(k—q, w— ) (67)

q, 0

L . R o
. ’ e [g;II )
Lo
81 S )

Fig. 11. Diagrams of the first-order vertex correction. (a) and (b) con-
tribute to g, (c) and (d) are diagrams for “gjl, and (e)—(h) for g,.
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® ol

Fig. 12. Diagrams of the first-order response function. (a) and (b) con-
tribute to A,, and (c) and (d) show diagrams for A ;.

where G and T are the temperature Green function and
temperature, respectively. For the special case w = 0,
k =0, the functions L, and L i become

L= —[tanh(m) +tanh<m>} Ing—2A  (68)

28 28
L=- [tanh( “é/gy ) n tanh( ”égy )} né—24  (69)
where

A= / dx In xsech®x (70)

u; (u;) and u; (u}) are dimensionless functions expressed
by the chemical potential, the cutoff energy, the top energy
of the jth band, and the density of state for the ith (jth)
band.

Next, we consider a first-order response function for a
singlet Cooper pair, as shown in Figure 12. Then the first-
order vertex function A for the ith and jth bands can be
written as

A +A, 2 —g, —8 L,+L.
(o) =) ) o
A=A 0 —& & Li—L;
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4.4. Renormalization Equation

For simplicity, we hereafter assume that g;; = g;;. From
Eqgs. (63), (65), and (66), we obtain the differential equa-
tions written as

J . - -
Pt —(&1+8) (72)
J . -
we= —28,8, (73)
X

In a similar way, using Egs. (64) and (71), we obtain the
differential equations written as

d - -
ax InA, =-¢—-& (74)

] o
—InA_=-§,+& (75)
dx

where A, =A;+A;and A=A, — A
4.5. Phase Diagrams
In the previous subsection, we have derived the basic

Eqgs. (72)—(75) to find the low-temperature phases. For the
special case of g, =0, we obtain an analytic solution:

1
g = — 76
81 x+g1_1 ( )
§2=0 (77)
1
Al.:Ajz (78)
gx+1

From these solutions, we find that the superconducting
phase appears only when the intraband interaction g, is
negative. In the case of the traditional superconductivity
described by the BCS theory, it is necessary that the effec-
tive e—e interaction be negative (g, < 0) in order to realize
the superconductivity. The present result agrees with that

(@ [T T T T 1 (o [T T T T rE e
al 4 4 6 o o o o 4
I ] o] o] o (o] o]
2; — 2+ 0 o o o 0 —
I o] (o] o] o] o}
S 0 - S 0 -
o o o o o
-2 o o o o o - —2; .
—4 + o o o o o - —4; -
rS o a & s I 1
-5 0 5 -5 0 5
91 91

Fig. 13. Phase diagrams for superconductivity: (a) A;+ A, (b) A, —A;.
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of the traditional theory for superconductivity expressed
by the one-band model. For the case of g, # 0, the phase
diagrams numerically obtained from the above renormal-
ization equations are shown in Figure 13. Figure 13(a)
shows the phase diagram for the sum of contributions to
the superconductivity from the ith and jth bands. Thus,
this phase implies that the signs of the superconducting
state for the ith and jth bands are the same. From this dia-
gram, we find the superconductivity only for —g, — g, > 0,
with negative g,. On the other hand, the phase diagram
for the difference between the superconducting states for
the ith and jth bands is shown in Figure 13(b). In this
case, this phase means that the sign of the superconductiv-
ity for the ith band is different from that of the jth band.
We can see that the superconductivity appears only for
—g, + &, > 0 with positive g, from Figure 13(b). Thus, the
present results suggest that the two-band superconductivity
appears when the intraband umklapp repulsive scattering
g, is larger than the normal repulsive scattering g;. In the
region of g, > g, with g, <0 and g, < —g, with g, >0
(two-gap region), we can expect that two-gap functions
are observed. In the former region, those superconduct-
ing gaps may be expressed by |[A_| > |A_|, and the latter
may be |[A,| <|A_]. On the other hand, we expect only
a single-gap function in the other region. These results
agree with the previous solutions"* derived by using the
two-particle Green function techniques. The superconduc-
tivity arising from the e-p mechanism (g, < 0 and |g,| <
|g,|) such as that in MgB, is in the two-gap region. On
the other hand, the superconductivity such as in copper
oxides (|g,| > |g,]) is outside the two-gap region. These
results predict that we may observe two-gap functions for
MgB, and only a single-gap function for copper oxides.
In the two-band model for negative g, with transferring
or tunneling of Cooper pairs between two bands, we can
expect that the transition temperature becomes higher than
that derived from the single band model. The tunneling
of Cooper pairs causes stabilization of the order param-
eter of superconductivity.***> We can also expect higher
T, of the superconductivity than that for copper oxides in
two regions (g, <0, g, <0 and g, <0, g, > 0) by the
cooperative mechanism. Phase diagrams for CDW, SDW,
and singlet superconductivity derived from a more general
Hamiltonian will be presented elsewhere.

Thus, we have derived the renormalization equations
and presented the phase diagrams for the two-band super-
conductivity. In the framework of the two-band model, the
present results predict that superconductivity appears even
if the e—e interaction is positive. We can expect that the
transition temperature becomes higher than that of copper
oxides by the cooperative mechanism.

5. SUMMARY

In this review we investigated on the multiband super-
conductivity. We consider the physical properties of

Multiband Superconductors

superconductor MgB, and use our two-band model to
explain the two coupled superconductor’s gaps of MgB,.
The discovery of a new types of high-temperature super-
conductivity in MgB, and FeAS system generates expec-
tations of the appearance of novel superconductors with
higher 7, and room temperature superconductors.’
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