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It is shown that in ferromagnetic films with anisotropy inhomogeneous in thickness, an
interphase boundary can be formed for certain values and directions of the magnetic
field. This boundary has a stable magnetic configuration. It is oriented parallel to the
film plane and separates the regions with different orientations of the magnetization. In
an alternating magnetic field, the interphase boundary oscillates, which may be accom-
panied by a resonance. The field and frequency dependences of the components of the
magnetic susceptibility tensor are determined. It is shown that the susceptibility coeffi-
cients at a resonance are extremely sensitive to the direction of the external magnetic
field which can underlie the development of a highly sensitive sensor.
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1. Introduction

The magnetic properties of the monocrystalline iron garnet epitaxial films
(IGEFs) grown by liquid phase epitaxy on the monocrystalline gallium gadolinium
garnet (GGG) substrates differ dramatically from those of the three-dimensional
monocrystalline iron garnets.!

The qualitative difference between the magnetic properties of the three-
dimensional iron garnet and the IGEFs of the same composition is primarily due
to a mismatch in the lattice parameters of the GGG substrate and the IGEF
structure grown on it and the crystallographic orientation of the substrate, which
determines the anisotropy energy.* In particular, IGEFs that are grown on the
GGG substrates (111) have uniaxial anisotropy with the easy magnetic axis which
is perpendicular to the plane of the film (@ > 1). The initial interest in this
type of films was caused by its possibility to form cylindrical magnetic domains
(CMD) used as an information-bearing medium in the storage devices.® Later, bis-
muth iron garnet films with magnetic anisotropy of the “easy-plane” type — also
grown on GGG substrates (111) — found wide practical applications for visualiz-
ing a spatially inhomogeneous magnetic field in the magneto-optical nondestructive
inspection.®

At present, monocrystalline IGEFs are widely utilized, apart from the CMD
memory devices, in the magneto-optical devices to display and to process informa-
tion, in the spin-wave ultra high-frequency and extremely high-frequency electron-
ics, and as sensor elements in biomedicine. The range of applications of IGEFs is
constantly expanding, which stimulates the development of novel IGEFs to meet
the emerging requirements in the field of nanotechnology.

Along the indicated research line, the multilayer IGEFs have been developed.
They were obtained by a sequential epitaxy of the iron garnet films with different
magnetic properties. In this arrangement, each previous layer serves as a substrate
for the next one.”

The studies of such multilayer iron garnet structures reveal that magnetic prop-
erties of the multilayer IGEFs are not an additive sum of the properties of indi-
vidual layers. For example, as was shown in Ref. 8, even in the case where the
iron garnet film with anisotropy “angular phase” was grown as a single layer, the
nonstationary epitaxy led to a change in the film structure and to the emergence
of transition layers, namely substrate-to-film and film-to-air ones, with anisotropies
that are different from the anisotropy of the main layer.

While the film-to-air transition layer can be removed by etching the IGEF sur-
face, the film-to-substrate transition layer with the “easy plane” anisotropy, which
is formed at the film-substrate interface due to the entry the Ga and Gd ions into
the film, cannot be removed in any way. The appearance of the film-to-substrate
transition layer turns the single-layer iron garnet film to a multilayer one with
“easy-plane” and “phase angle” anisotropy layers. The magnetic properties of such
a multilayer IGEF are not identical to the magnetic properties of the layers it con-

1840034-2



March 28, 2018 14:25 1JMPB 50217979218400349 page 3

2nd Reading

Sharp-pointed susceptibility of ferromagnetic films

sists of. Namely, a giant anomalous susceptibility with the angular range of A8 < 1°
has been observed in the cases where the angle 6 between the magnetic field vector
Hy and the IGEF normal was equal to # = 0.3-1.5°, and the magnetic field was
in the range Hy = 500-1700 Oe corresponding to the layer of the single-domain
“angle phase”.

The ability to create multilayer IGEFs with a giant anomaly of the magnetic
susceptibility in a narrow angular range, as was demonstrated experimentally in
Ref. 8, has obtained no theoretical explanation yet, in spite of the obvious potential
of this phenomenon for technological applications.

The aim of this work is to analyze the conditions essential for the creation of
narrowly focused magnetic susceptibility anomalies in multilayer IGEFs, which are
obtained by liquid phase epitaxy on the GGG substrates (111).

As was shown in Ref. 9 for the iron-garnet films with the Ca—Ge substitution
grown on the GGG substrate (111) by liquid epitaxy, the transition layer with
the “easy plane” anisotropy occurs even when the main film has an “easy axis”
anisotropy and a large quality factor.

Consequently, the two-layer iron-garnet films with Gd—Ga substitution were
used in the experiments. The first layer was the IGEF of the composition
(GdLu)3(FeGa)5012 and with the “easy plane” anisotropy, grown on the GGG
substrate (111), and the second layer was the IGEF of the composition
(YBiLuSmGd)3(FeGa); 012 with the “easy axis” anisotropy and a relatively small
quality factor (@ = 1.15-1.25) Refs. 10 and 11.

2. Experiment

The changes in the magnetostatic properties of such two-layer IGEF structure was
measured by an inductive-frequency method,'? which is a nondestructive technique
and allows one to investigate the magnetic properties of individual layers of the
IGEF and the two-layer IGEF as a whole.

The analysis of the experimentally measured dependences of the differential
magnetic susceptibility x4 on the magnetic field directed perpendicularly, xq ~
f(HL), in parallel, x4 ~ f(Hj), and at the angle 8, x4 ~ f(Hjy), performed as in
Ref. 12, has demonstrated that the considered IGEF structure consists of the layer
with the “easy plane” anisotropy and quality factor Q < 1, the transition layer
with quality factor 0.9 < @ < 1.09, and the layer with the “easy axis” anisotropy
and quality factor @ > 1.15.

The “burst” of the magnetic susceptibility x is observed in a narrow angular
range of 0 < 6 < 3° and reaches its maximum (11-time increase) at # = 1.3° and
Hy = 0.950 kOe (Fig. 1). The deviation of the vector Hy from this direction by
+30’ leads to a change in the magnitude x by a factor of 5. Such a rapid change
in the magnitude x for the single-layer-film witnesses (i.e., a single-layer IGEF of
the same composition which is grown under identical conditions) was not observed,
indicating that the narrow angular anomaly of the differential susceptibility x4

1840034-3



March 28, 2018 14:25 1JMPB S50217979218400349 page 4

2nd Reading

Yu. I. Dzhezherya et al.

-—-0=0"
o 6 =13
—m =20
; —mmn =3
v
b
\‘_.\
R
.%}‘t;;
q"’-"’ﬂ-wg—n_
1000 1250 1500
H, Oe

7

Fig. 1. Magnetic susceptibility x of the bilayer IGEF structure as a function of the magnetic
field Hy for various values of 6.

Fig. 2. Plots of Xfil) ~ f(HéU) — curve 1, XElQ) ~ f(HéQ)) — curve 2, X((is) ~ f(HéS)) — curve
3, X£14) ~ f(Hé4)) — curve 4 for 0 changing in the range (—1° =+ +3°), where the direction of
6 = 0° coincides with the normal to the film plane and crystallographic axis [111].

(Fig. 2) is solely due to the two-layer IGEF structure with the “easy plane” / “easy
axis” anisotropy of the layer. Furthermore, the fact that the giant anomaly of the
X4 susceptibility was observed in a test film with the Gd—Ga substitution, with the
same orientations of the magnetic field vector Hy relative to the normal to the film
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plane and the crystallographic [111] axis, as a bilayer IGEF structure described
in Ref. 8 with the Ca—Ge substitution, suggests that the observed anomaly is an
intrinsic property of the bilayer IGEF structures with the “easy plane” /“easy axis”
anisotropy of the layers.

3. Theoretical Model

To explain the observed effect, we consider the ferromagnetic film of the thickness
L, whose normal coincides with the Oz axis of the coordinate system, as shown
in Fig. 3. We assume that the film exhibits the uniaxial anisotropy and its direc-
tion coincides with the Oz axis. The energy density including the main types of
interactions in the system is as follows:

2 2
W = % (68[:) - ﬁ(;) m? — Hom, — Hym, + %, (1)
where « is the exchange interaction constant, m is film magnetization vector, 5(z)
is the uniaxial anisotropy parameter, which is considered as a function of the co-
ordinates, H = (H,, 0, H,) is an external magnetic field and H,, is the intrinsic
magnetostatic field of the ferromagnet.

In the expression for the energy density (1), it was assumed that the magneti-
zation distribution is homogeneous in the film plane zOy. This assumption is valid
in sufficiently strong magnetic fields, where the domain structure is suppressed.
The dependence of the magnetization distribution on the coordinate z is due to the
modulation of the magnetic anisotropy parameter 5(z). In this case, the Maxwell’s
equation divB = %(H;” + 4mm,) = 0 implies that the magnetostatic field is
uniquely determined and has the form H™ = —e 47wm,.

In what follows, we assume that the direction of the external field slightly de-
viates from the normal of the film by an angle v < 1, so that H = (H sin~, 0,

Fig. 3. Fragment of the ferromagnetic film.
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Hcosvy) ~ (H -+, 0, H), where H is the absolute value of the external field. This
remark allows us to simplify the foregoing calculations.

The further simplification is due to the relation for the magnetization vector:
m? = m?, where mq is a constant equal to the saturation magnetization of the
film. Thus, it becomes possible to pass to two independent angular variables that

determine the orientation of the magnetization vector of the film:
cos ¢ sin 6
m=mg | singsinf |, (2)
cosf

where 6 and ¢ are the polar and azimuthal angles of an orientation of the magne-
tization vector in the coordinate system with the Oz polar axis, respectively.

In view of the assumptions and remarks given above, the energy density of the
ferromagnetic system (1) in the polar coordinate system of the magnetization vector
becomes

2 2 2
W = n;(){a (gi) + asin? 0 (?;:) + (47 — B(2)) cos® @

—2(H/m0)(cos0—v-coscpsinﬁ)}. (3)

The dynamics of the magnetization of the system under consideration is determined
by the L-L equation, which allows notations in the polar coordinate system and
takes the processes of energy dissipation into account:

a—W:f@sinﬂ%f&@sifﬁa—@,

dy g ot g ot n
W _mo g% M0

00 g ot "l g ot

where g = 2uo/h, po is the Bohr magneton.

Writing down the terms of Eq. (4), which are responsible for the dissipation, we
consider that, in the ferrite—garnet films, the energy dissipation of moving nonlinear
formations such as domain walls cannot be described by a single dissipative constant
of the Gilbert-Landau-Lifshitz theory.!3 It was shown in Ref. 5 that the account for
the longitudinal relaxation associated with a change in the magnetization modulus
in a vicinity of the moving boundary leads to a substantial increase in the energy
dissipation. This effect can easily be taken into account by formally introducing
independent dissipative constants for the polar and azimuth angles.

At this stage, we specify the nature of the magnetic anisotropy to simplify the
following discussion and highlight the main idea of this work. We assume that the
anisotropy parameter varies slowly across the film thickness, for example linearly;
so that B(z) = By + AB - (2/L), where Sy < 4 is some constant, and AfS is the
correction to define the anisotropy modulation amplitude.

1840034-6
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In view of this notation, the L-L equation can be represented as
0

Oy w 06 &p
— 9— =sinf (~yh Ao — 60— 5
o€ sin? o€ sin (7 o singp + — oo 07 ) + 2 o sin? o (5a)

gzz+sm0 (ho <1k§ <g§> )cos@)

= vyhg cos ¢ cos 0 + sin 6 (8@ —hy cosr) — A1 —
woa

w 06
wo OT

where we use the notation: £ = z/I, | = \/a/ (4w — ) is the characteristic magnetic
length, which is significantly less in terms of the problem than the film thickness

(5b)

I < L; wg = g(4m — Bo)my is the characteristic frequency of the magnetic system;
ho = Hp/((4m — By)mg) is the normalized constant component of the magnetic
field; hy = Hy/((4m — By)myo) is the normalized variable component of the mag-
netic field; w is the oscillation frequency of the variable component of the external

magnetic field; 7 = tw is the dimensionless time parameter of the problem, and

_1_Ap
kj - f4‘n’—,80

The fact that the anisotropy gradient is small in magnitude will be used later

< 1 is the coeflicient determining the gradient anisotropy.

in the approximate calculations.

The following conditions are applied to the variable component of the field:
w/(JJo < 1, hy < hg.

At the top and bottom surfaces of the film, without fixing the magnetization,
the following boundary conditions must be satisfied:

@20 , sme&p 0 . (6)
9¢ £=0,% ¢ £=0,%

Note that the terms with small parameters (v, w/wp, h1) are collected on the right-
hand sides of Egs. (5a) and (5b). Therefore, for finding their solution, we use the
elements of perturbation theory.

We will seek the solution of Egs. (5a) and (5b) in the form

(€ —&o,7) = (1) + 6P(§ — &0, 7),
9(5 - 6077—) = 6(5 - 50) + 6@(5 - 5077—)7
where @, © is the main approximation that is determined by the equations

0 . 5,00
—sin @— 0, 8a

2
?;;;) +sin®© <h0 - (1 —k&— (C{;z)) ) cos@) =0. (8b)

The parameter £, was introduced into the representation of the angular variables
(7) and can be interpreted as a phase boundary with the different character of the
magnetization.
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It follows from Eq. (8a) that, in the main approximation, the angle ® is an
arbitrary function of time and does not depend on the coordinate £. Equation (8b)
can be simplified as follows:

0?0 )
——— +sinO(hyg — (1 — k&) cosO) = 0. 9)
€2
Based on the type of Eq. (9), we can take, as the phase boundary &y, the inflection
point of the polar angle of the magnetization, at which the following condition holds:
%2—? = 0|£:€0. On the both sides of this point, the polar angle of the magnetization
tends to different limits. At the point on the phase boundary cos © = ho/(1 — k&o),
the derivative %—@ has an extremum. Figure 4 qualitatively shows the dependence
of the angle © and the auxiliary function

£e) = {arccos(ho/(l k&), ho/(1—kE) <1, (10)

0, ho/(1 = k&) > 1.

The derivatives 00/9¢ and df /d¢ are also presented there.

Figure 4 is based on a qualitative analysis of Eq. (9), which yields © = f(&)
with high accuracy. There is only one exception — a narrow region |§ — §| ~ 1.
Therefore, in the calculation, the angle value © will be replaced by a function f(&)
upon possibility. The point & at which ho/(1 — k&1) =1 and f(&) = 0 is a special.
It coincides with the boundary phases of the magnetization without regard for the
exchange interaction. It should be noted that the points &y, &; are close |1 — &| ~ 1,
so that they can be taken as identical ones during some approximate calculations.

— )

Mol
S

Ap

=0.045

SCllen

i =10  h=07

a4}

Fig. 4. Dependence of the deviation of the magnetization vector ® from film’s normal on the
coordinate &.
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Note that the coexistence of the different orientation phases of the magnetiza-
tion, as presented in Fig. 4, is possible in a relatively narrow field range:

0<1—ho<AB/(4T — Bp). (11)

Under condition (11), the phase boundary & will be located between the top and
bottom surfaces of the film.

Under the influence of temporal or spatial perturbations, not only small correc-
tions §® and O to the magnetization angles will arise, but also the phase boundary
coordinate, which is a function of time, will be changed. Therefore, we assume in
what follows that the coordinate of the phase boundary has the form &y(7) =
X 4 u(7), where X is the stationary position of the interphase boundary, u(7) is the
correction to the coordinate of the phase boundary caused by perturbations. Thus,
in constructing this theory, the coordinate &y(7) plays the role of a soft mode.

Expanding Eqgs. (5a) and (5b) up to linear corrections §®, 60 and considering
the displacement of phase boundaries by u(7), we obtain

0 0P . 00 0P
87 2987 =sin©® (’yho sin ® + 03) + )\g—sm @E (12a)
< +5 thocos© — (1kn)0052@> 00
= —ku sin © cos © + yhg cos P cos O + sin O —8—@ —hyjcosT | — )\13@,
wo OT wo OT
(12Db)

where the new variable n = £ — u(7) is introduced. In this case, it is assumed
in Egs. (12a) and (12b) that © = O(n — X), and it is a solution of the equation
—0%0/0n* +sin O(hg — (1 — kn) cos ©) = 0. It should be noted that the conditions
for applying the method of successive approximations require the small value of
klu| < 1. Therefore, according to the accepted condition k¥ < 1, the dynamic
correction u(7) to the interphase boundary coordinate takes an enough large value.

We proceed with constructing the system of equations for a “reduced descrip-
tion” of the magnetization dynamics in the variables u(7), ®(7), similar to the
Slonczewski equations for the domain boundaries'* or to the dynamical equations
of the band domain.!?:16

These equations can be obtained from the Fredholm alternative for the solv-
ability of nonhomogeneous linear differential equations, which implies that the
right-hand side of the linear equation must be orthogonal to the solution of the
homogeneous equation.

The solution of the homogeneous equation (12a) & = const, and the homo-
geneous solution of Eq. (12b), neglecting small corrections proportional k < 1,
coincides with the derivative of the spatial coordinate (this can be verified by tak-
ing the derivative of expression (9) with respect to the coordinate ).

1840034-9
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Thus, the system of equations of the reduced description for the variables u(7),
®(7) is determined by the conditions

L/l o
/ dn sin@(fyho sin@—wwa@—k)\gwsin@d) =0,
0 wo dT On wo dr

L/
/ dn 3—6 (cos O(vyho cos ® — ku sin ©) (13)
0 n

dd w du 00
+sin © (od — hy COST) —l—)\lwo pm 577)

For integrating (13) and processing the results, we will use the function f(n), assum-
ing © =~ f(n), instead of the exact value of the angle O(n — &). The results of the
integration are elementary functions. For details of the calculations of individual co-
efficients of Egs. (13), see Appendix A. To represent the results of calculations and
to simplify their subsequent analysis, we introduce the notation € = 1 — hy and,
according to condition (11) assume that ¢ < AS/(4w — By) < 1. This condition
corresponds to the low-gradient nature of the magnetic anisotropy modulation.

Performing calculations in (13) and considering the notation above, we obtain
the system of equations in explicit form:

wdku oyl 4 VI G, (14a)
wo dT wo dr

w In(e/k) d wdd \/5
( A 70 % d’r) ku — ;OE =7 - — hl COS(T). (14b)

It is obvious that, in the absence of an alternating field at the hy = 0, the solution
of Egs. (14a), (14b) is of the type kug = v+/2/e, o = 0. At the same time, in the
assumption |®| < 1, the equation for dynamic corrections kuy can be represented as

d? d
{w W + 21—‘&]% + Qz} k’lLl = 7(Qz/k)h1 COS(T)’
(15)

In(e/k 2
I' =wp ()\254—)\1’; \(/LE)) Q= wy %(25)1/4.

To simplify further calculations, the terms proportional to age were excluded from
the right-hand side of Eq. (15) as small quantities of the second order.

It follows from (15) that the motion of the interphase boundary in a film with
modulated anisotropy in a small alternating field has the form of forced oscillations
of a harmonic oscillator:

h 02 cos(T — )

Ul = s
k _ 2 2,,2
\/ w?)2 + 42w (16)
2w
tgy = 02 — w2’

1840034-10
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The eigenfrequency of the oscillator Q = g(4r — Bo)moy/ 5 (2(1 — M;{%))l/‘l
depends on the magnitude and direction of the external magnetic field and can vary
over a wide range.

Under resonance conditions, the oscillation of the interphase boundary has a

large amplitude and is determined by the expression u, = _%113(7)
The value of the angular variable ® can be obtained from Eq. (14a) with regard
for (16):
o Sk wdu | weokdu (17)
- 2vV2e wo dr - 02 dr-

Based on the results of calculations, it is easy to determine the dynamics of the
magnetic moment of the system.

Thus, it follows from expression (7) that the corrections to the angular variables
caused by changes in the position of the interphase boundary have the form

0~ 0E—X)— (up+ ul(T))d@(fl;X),
(18)
wwok duq
o O(1)=— 0 g

On the basis of relations (2) and (18), the integration of the magnetization com-
ponents over the volume of a ferromagnetic film leads to the following value for
the dynamic corrections to the magnetic moment caused by the oscillations of the
position of the interphase boundary uq(7):

(;Mv = VRe(Xlz Hl eXp(Z(Wt - w)))a 1= z,Y, %,

Xaz (22)1/2
= ! —'(265/490/9\/37) (19)

M) T AR P+ 2L/ | )|

Xzz -

where V' is the volume of the magnetic film, and the coefficients y;, are treated as
components of the magnetic susceptibility tensor, which can be determined experi-
mentally. The experimental setup in this work allowed us to distinguish the normal
component of the magnetic susceptibility tensor ... The comparison of the exper-
imental data and the results of theoretical calculations for the given parameters is
presented in Fig. 5. At a qualitative level, there is a good correspondence.

Of special interest is the dependence of the susceptibility on the modulation of
the anisotropy constant AfS, as, on the one hand, the susceptibility increases, and,
on the other hand, the field interval for the existence of the phase boundary and,
correspondingly, the described effects is reduced.

1840034-11
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Fig. 5. Magnetic susceptibility x as a function of the magnetic field Hy.

3.1. Influence of magnetic field perturbations on the magnetic
susceptibility of the system

The following effect, which can have practical application, is associated with a
sharp (root) dependence of the natural frequency € on the magnitude of the field
€ = 1 — hg and the angle of the direction v (15). This fact leads to a special
sensitivity of the absorption characteristics to the indicated quantities in a vicinity
of the resonance for small values of ¢, |y| < 1. This circumstance makes it possible
to use this system as a functional element with high selectivity to the magnitude
and direction of the magnetic field.

Indeed, when tuned to “resonance”, the magnetic susceptibility of the film will
react to the slightest external disturbances. Let us demonstrate this by the example
of the magnetic susceptibility tensor component ., which can be easily determined
experimentally. Suppose that the magnetic field sensor contains, as a functional
element, the previously considered ferrite-garnet film and has adjustable magnetic
field sources. By choosing a control field h = (vhg, 0, hg), we satisfy the resonance

condition so that the oscillation frequency of the interphase boundary coincides
with the frequency of the alternating external field Q2 = wy \/g (2¢)'/4. Under these
conditions, the magnetic susceptibility component has a maximum value (X:z)max =
22%. If, further, this sensor is introduced into the external magnetic field with
components Ah = (Ah,,0, Ah,), the resultant magnetic field acting on the film
becomes equal to h = (yhg + Ahy, 0, hg + Ah,), and the resonance condition is

violated.

1840034-12
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In this case, the ratio of the component of the magnetic susceptibility tensor to
its maximum value will be determined by the relation

zz 1
(XX) - Q2 (Ah, _ Ahiy2 (20)
zz)max \/1 + ﬁ( 2'ym _ 4;)

Since the attenuation parameters of the magnetization oscillations for epitaxial
ferrite-garnet films have a relatively small value (I'/Q ~ 1072),}4 we can see that,
even for weak perturbations of the external magnetic field Ah, /7y, Ah, /e ~ 1071,
the magnetic susceptibility of the system falls by an order of magnitude relative to

its value at the resonance. These changes will be approximated by the relation
(Xzz)max - 9 (Ahx _ Ahz)

oS 21
Xzz '\ 2v 4e 2D
Obviously, for the magnetic field sensors formed on the basis of ferrite-garnet films
with typical parameters 4m — 5y ~ 1, my =~ 20G for tuning characteristics v = 0.05,
e ~ 0.1, the constant magnetic fields of magnitude |AH| ~ 107! + 1072 will be
available to the detection.

4. Conclusion

It follows from expression (21) that the various components of the magnetic field
affect the magnetic susceptibility in the same way. Therefore, to determine the
direction of the magnetic field AH, a selection should be carried out, for example,
by changing the orientation of the functional element (the ferrite-garnet film) in
space. This problem concerns the design features of the instrument and is beyond
the scope of this study.

Thus, it is demonstrated that, under conditions of spatial inhomogeneity of the
magnetic parameters in a ferromagnetic film, an interphase boundary separating
regions with different magnetization properties can be formed. This boundary en-
compasses the entire plane of the film, has a high mobility typical of ordinary
domain walls, and the resonance conditions of its oscillations are extremely sensi-
tive to the parameters of the magnetic field. It is natural to use such a system as a
highly sensitive, narrowly directed magnetic field detector.

Appendix A

A certain difficulty arises, when calculating the integral fOL/ ! dn(0©/0nt)?, replacing
O — f(n). As follows from definition (10), the function f(n) has nonzero values
in the interval 0 < 1 < m; (the point 7 at which f(n;) = 0, and the integration
region during the transition ® — f(n) is limited by this interval. At the upper
boundary of the interval — at a point, (0f/0n)? ~ 1/(n — m1), and the logarithmic
uncertainty arises upon the integration at the upper limit. In order to avoid it in
the approximate calculations, we set the upper limit of the integration to be 1, —a,
where a is a positive value of an arbitrary order a ~ 1 < 7).

1840034-13
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Then:
L/l 2 L —a
[o(a) =L ()
= /om_ad”u - in)z (e &
:Qio(lnm—lna—W) (A1)

Considering further that, according to the conditions of the problem, 1—hy = ¢ < 1,
we represent (A.1) in the form:

L r90N? ke

In expression (A.2), we have neglected the small quantities In(a)/In(2/k) < 1,
¢/In(2/k) < 1 and obtained an approximate value of the unknown quantity.
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