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By carrying out a computation in the Lifshitz tight-binding one-electron model, we obtain the energy 
spectrum and electrical conductance of graphene, in the presence of substitutional impurity atoms, thus 
assessing the influence of the latter. In the weak-scattering approximation, we study specific features of 
the electron energy spectrum in the gap region having width η|δ| and centered at the point yδ, arising 
because of the ordering of substitutional impurity atoms on nodes of the crystal lattice. Here η is the 
parameter of ordering, δ is the difference of the scattering potentials of impurity atoms and carbon 
atoms, and y is the impurity concentration. It is shown that if the ordering parameter η is close to 
ηmax = 2y, y < 1/2, the plot of the density of electron states has peaks on the edges of the energy gap. 
Those peaks correspond to impurity levels. As the ordering parameter η decreases, the impurity levels 
split into the impurity bands. The regions of localization of electron impurity states, which arise at the 
edges of the spectrum and edges of the energy gap, are investigated.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

Most studies of the energy spectrum of graphene are based on 
the density functional theory [1] and are limited to numerical cal-
culations, with the undoubted merit of showing the opening of a 
gap in the energy spectrum of graphene caused by the presence 
of an impurity [2–7]. It is obvious, though, that it is insufficient 
to restrict the analysis to numerical calculations only, in order to 
understand the nature of this effect. Instead, the influence of im-
purities on the energy spectrum and properties of graphene should 
be also described within a simple, but adequate model presenting 
the exact analytical solutions.

In the Lifshitz tight-binding one-electron model, the theory of 
reconstruction of the spectrum of graphene caused by an increase 
in the concentration of point impurities was developed in works 
[8–11]. Moreover, the possibility of the metal-dielectric transition 
in such system was predicted. Results of the analytical consider-
ation of a reconstruction of the spectrum were confirmed with 
the help of a numerical experiment. It allowed one to verify the 
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existence of a quasigap filled by localized states and showed its 
dominant role in the localization of the scattering by pairs and 
triples of impurity centers.

The numerical calculations within the Kubo–Greenwood
quantum-mechanical formalism in the Lifshitz tight-binding one-
electron model were performed in [12,13] to study the influence of 
impurity atoms or atoms adsorbed on the surface on the electronic 
structure and electrical conductance of graphene. In those works, 
the method of reduction of the Hamiltonian to the three-diagonal 
form was developed to study the influence of completely ordered 
impurity atoms on the energy spectrum and electrical conductance 
of graphene in the ballistic and diffusive modes of conductance. In 
work [13] in the Lifshitz tight-binding one-electron model, it was 
found that the gap 0.45 eV in width appears in the energy spec-
trum of electrons of graphene deposited on a potassium substrate. 
There, it was assumed that the appearance of this gap is associated 
with a change in the symmetry of the crystal. This assumption was 
corroborated in works [15–17]. Within the Lifshitz tight-binding 
one-electron model, the influence of the ordering of impurities on 
the energy spectrum and electrical conductance of graphene was 
considered in work [18]. It was established that the ordering of 
substitutional atoms on nodes of the crystal lattice [also] causes 
the appearance of a gap η|δ| in width in the energy spectrum of 
graphene centered at the point yδ, where η is the ordering pa-
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rameter, δ is the difference of the scattering potentials of impurity 
atoms and carbon, and y is the impurity concentration. We note 
that the conclusions in work [18] were based on the results of an-
alytic studies of the energy spectrum and electrical conductance 
of graphene performed in the approximation of coherent potential. 
However, the domain of convergence of the cluster expansion used 
in [18] for Green’s function and the domain of validity of the ap-
proximation of coherent potential, as well as the specific features 
of the electron energy spectrum near the gap arising at the order-
ing of impurity atoms, were not analyzed. These themes will be 
considered in the present work.

2. Theoretical model

The Hamiltonian in the Lifshitz tight-binding one-electron 
model describing the one-electron states of graphene with sub-
stitutional impurity atoms can be written in the form

H =
∑

in

|in〉vin〈in| +
∑

in,i′n′ �=in

|in〉hin,i′n′ 〈i′n′|, (1)

where hin,i′n′ is a matrix element (hopping integral) of the Hamil-
tonian that is nondiagonal in the Wannier representation and is 
independent of the random distribution of atoms in the accepted 
approximation of diagonal disorder; νin is a diagonal matrix ele-
ment taking the value ν A or νB if atom A or B is located, respec-
tively, at node in; i is the number of a sublattice, and n is the 
number of a node of the sublattice.

Hamiltonian (1) describes the states of an electron with its en-
ergy, which belongs to the 2pz-energy band corresponding to the 
(ppπ )-coupling [19].

Like work [18], the opening of a gap in the energy spectrum 
of graphene at the ordering of the impurity will be studied with 
the use of the theory of multiple scattering. This theory allows one 
to leave the framework of Born’s approximation and to consider a 
change in the energy spectrum at the scattering of electrons by 
impurity atoms. Such approach is based on the method of Green’s 
functions and the cluster expansion of the scattering matrix T . As 
the zero approximation, we choose the coherent potential approx-
imation

Neglecting the small contribution of the processes of scattering 
on clusters composed of three and more atoms, we present the 
density of one-electron states of graphene as

g(ε) = 1

v

∑
i,λ

Pλ0i gλ0i(ε),

gλ0i(ε) = − 2

π
Im

{
G̃ + G̃tλ0i G̃ +

∑
(l j) �=(0i)

λ′

Pλ′l j/λ0i ×

× G̃
[
tλ′l j + T (2)λ0i,λ′l j]G̃

}
0i,0i

,

(2)

where ν = 2 is the number of sublattices in graphene. The first 
sum in formula (2) describes the density of electron states in 
graphene in the coherent potential approximation. Here,

T (2)n1i1,n2i2 = [
I − tn1 i1 G̃tn2 i2 G̃

]−1
tn1 i1 G̃tn2 i2

[
I + G̃tn1 i1

]
, (3)

where

tn1 i1 = [I − ṽ inG̃]−1 ṽ in (4)

is the operator of scattering on one node, I is the identity opera-
tor, and G̃(ε) is retarded Green’s function of the effective medium 
described by the coherent potentials σi (i = 1, 2).
In formula (2), Pλ0i is the probability for atoms of sort λ = A, B
to fill the node 0i of the crystal sublattice i = 1, 2;

P B01 = y1 = y + 1

2
η, P B02 = y2 = y − 1

2
η, P A01 = 1− P B01,

(5)

y is the concentration of impurity atoms, and Pλ′l j/λ0i is the prob-
ability for an atom of sort λ′ to fill node l j under the condition 
that an atom of sort λ fills node 0i (parameter of binary inter-
atomic correlations in the filling of nodes of the crystal lattice by 
atoms).

The matrix elements of Green’s function of the effective 
medium G̃0i,0i(ε) can be presented in the form

G̃0i,0i(ε) = 1

N

∑
k

G̃ ii(k, ε),

G̃11(k, ε) = ε − σ2

D(k, ε)
,

G̃22(k, ε) = ε − σ1

ε − σ2
G̃11(k, ε), (6)

D(k, ε) = (ε − σ1)(ε − σ2) − h12(k)h21(k),

where hii′ (k) is the Fourier-transform of the hopping integral. Re-
lations (6) are obtained in the nearest-neighbors approximation by 
the Fourier transformation of the hopping integral. The wave vec-
tor in formulas (6) varies in the limits of the Brillouin zone of 
graphene.

The coherent potential σi (i = 1, 2) satisfies the equation

σi = 〈υi〉 − (υA − σi)G̃0i,0i(ε)(υB − σi);
〈υi〉 = (1 − yi)υA + yiυB .

(7)

Setting υA = 0 in formula (8), we get

〈υi〉 = yiδ, (8)

where

δ = υB − υA (9)

is the difference of the scattering potentials of components of 
graphene.

The analytic description of the influence of the ordering of 
impurity atoms on the energy spectrum of graphene will be car-
ried on in the limiting case of weak scattering |δ/w| � 1. Here, 
w = 3|γ1| is a half-width of the energy band of pure graphene, 
and γ1 = (ppπ) is the hopping integral [19].

Green’s function of the effective medium for the electron ener-
gies close to the Dirac point takes the form

G̃01,01(ε) = − S1(ε − σ2)

π h̄2υ2
F

ln

√
1 − w2

(ε − σ1)(ε − σ2)
,

G̃02,02(ε) = − S1(ε − σ1)

π h̄2υ2
F

ln

√
1 − w2

(ε − σ1)(ε − σ2)
,

(10)

where υF = 3|γ1|a0
2h̄ is the velocity of an electron on the Fermi level; 

and a0 is the distance between the nearest neighbors, and S1 =
3
√

3a2
0/2 is the area of an elementary cell of graphene, and h̄ is 

Planck’s constant.
The solution of the system of equations (7), (10) under the con-

dition |δ/w| � 1 is as follows:
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G̃01,01(ε) = − S1(ε − σ ′
2)

π h̄2υ2
F

ln

√
1 − w2

(ε − σ ′
1)(ε − σ ′

2)
,

G̃02,02(ε) = − S1(ε − σ ′
1)

π h̄2υ2
F

ln

√
1 − w2

(ε − σ ′
1)(ε − σ ′

2)
,

σ ′
1 = y1δ − y1(1 − y1)δ

2 S1(ε − y2δ)

π h̄2υ2
F

× ln

√
1 − w2

(ε − y1δ)(ε − y2δ)
,

σ ′
2 = y2δ − y2(1 − y2)δ

2 S1(ε − y1δ)

π h̄2υ2
F

× ln

√
1 − w2

(ε − y1δ)(ε − y2δ)
,

(11)

for sign(ε − σ ′
1) = −sign(ε − σ ′

2) and

G̃01,01(ε) = − S1(ε − σ ′
2)

π h̄2υ2
F

ln

√
w2

(ε − σ ′
1)(ε − σ ′

2)
− 1

− i
S1|ε − σ ′

2|
2h̄2υ2

F

,

G̃02,02(ε) = − S1(ε − σ ′
1)

π h̄2υ2
F

ln

√
w2

(ε − σ ′
1)(ε − σ ′

2)
− 1

− i
S1|ε − σ ′

1|
2h̄2υ2

F

,

σ ′
1 = y1δ − y1(1 − y1)δ

2 S1(ε − y2δ)

π h̄2υ2
F

× ln

√∣∣∣∣ w2

(ε − y1δ)(ε − y2δ)
− 1

∣∣∣∣,
(12)

σ ′′
1 = −y1(1 − y1)δ

2 S1|ε − y2δ|
2h̄2υ2

F

,

σ ′
2 = y2δ − y2(1 − y2)δ

2 S1(ε − y1δ)

π h̄2υ2
F

× ln

√∣∣∣∣ w2

(ε − y1δ)(ε − y2δ)
− 1

∣∣∣∣,
σ ′′

2 = −y2(1 − y2)δ
2 S1|ε − y1δ|

2h̄2υ2
F

,

for sign(ε − σ ′
1) = sign(ε − σ ′

2).
In Eqs. (11)–(12), σ ′

i and σ ′′
i are, respectively, the real and 

imaginary parts of coherent potentials σi, i = 1, 2.
The analysis of formulas (11) and (12) indicates that, at the or-

dering of impurity atoms, the gap η|δ| in width centered at the 
point yδ arises in the energy spectrum of graphene. For δ > 0 or 
δ < 0, the gap is placed, respectively, to the right or left from the 
Dirac point on the energy scale. As is seen from formulas (2) and 
(11), the density of electronic states g(ε) = 0 in the approximation 
of coherent potential for this energy region.

In this case, formulas (2) and (13) imply that the density of 
states tends to infinity near the gap edge. This is caused by the 
presence of other components in the formulas for the coherent 
potentials σ ′

1 and σ ′
2 (12). The width of the given energy region 

is∣∣∣∣�ε(η)

w

∣∣∣∣ = w

η|δ| exp

(
− 2yπ w2

√
2

)
;

3 3ηδ (1 − y + η/2)(y − η/2)
0 < η ≤ 2y. (13)

Outside the indicated peak, the density of states increases by a 
linear rule with the distance from the gap edge:

g(ε) = S1(ε − yδ)

π h̄2υ2
F

,

∣∣∣∣�ε(η)

w

∣∣∣∣ <

∣∣∣∣ε − σ ′
i

w

∣∣∣∣ ≤
∣∣∣∣ δ

w

∣∣∣∣. (14)

The estimate of the peak (13) (carried out under the condition 
that the density of states on the peak slope is twice more than its 
value at a point of the adjacent minimum.

3. Results

The result is obtained for a small value of the scattering po-
tential |δ/w| � 1. The dependence of the density of states on the 
energy for an arbitrary value of the scattering potential has a more 
complicated form.

In Fig. 1, we show the results of numerical calculations of the 
density of states of graphene for the scattering potential δ/w =
−0.3, hypothetical value of the substitutional impurity concentra-
tion y = 1/2, and order parameter η = 1/2. Numerical calculations 
are performed according to the formulas (2), (6), and (7). It is 
seen from Fig. 1 that the gap arises in the energy spectrum of 
graphene at the ordering of a substitutional impurity, η = 1/2. The 
fine structure of the energy dependence of the density of states 
near the gap is presented in Fig. 1, b, c, d.

For the sake of comparison, Fig. 2 shows the energy dependence 
of the density of states for the scattering potential δ/w = −0.3, 
concentration y = 0.2, and different values of the order parameter 
η. It is seen from Fig. 2 that the gap width increases with the 
order parameter, which agrees qualitatively with the conclusions 
obtained in the limiting case of weak scattering |δ/w| � 1.

For values of the ordering parameter η close to the maximum 
one ηmax = 2y, y < 1/2, there exists only a small fraction of im-
purity atoms that are placed on the sublattice mainly occupied by 
carbon atoms. In this case, the plot of the density of electron states 
on the edges of the energy gap arising at the impurity ordering has 
peaks corresponding to impurity levels (Fig. 1, c, d). As the order-
ing parameter tends to the maximum value ηmax = 2y, the width 
of region (13) for the energies of electrons in impurity states ap-
proaches zero.

If the ordering parameter η decreases, this fraction of impurity 
atoms increases, and the impurity levels split into impurity bands 
(Fig. 2, a). As the ordering parameter η decreases, the width of re-
gion (13) for the energies of electrons in impurity states increases. 
At the full ordering of a substitutional impurity (η = 1, y = 1/2), 
the indicated peaks on the plot of the density of states are absent. 
This follows from formula (12), where the second terms in the for-
mulas for the coherent potentials σ ′

1 and σ ′
2 become equal to zero.

In Figs. 3–4, we present the dependence of the energy of an 
electron on the wave vector for graphene with completely ordered 
substitutional impurity (η = 1) with the hypothetical concentra-
tion y = 1/2 in two cases where the scattering potential: δ > 0
(Fig. 3) or δ < 0 (Fig. 4). The dependence of the energy of an elec-
tron on the wave vector for the completely ordered arrangement 
of an impurity is given by the formula following from the equation 
for poles of Green’s function (6):

ε1,2(k) = 1

2
δ

±
√

1

4
δ2 + γ 2

1

(
1 + 4 cos

(
kx

√
3a

2

)
cos

(
kya

2

)
+ 4 cos2

(
kya

2

))
, (15)

a = √
3a0.



4 S.P. Repetsky et al. / Physics Letters A 384 (2020) 126401

Fig. 1. Dependence of the density of electron states on the energy for graphene with the concentration of the substitutional impurity atoms y = 1/2 at values of the scattering 
potential δ/w = −0.3 and the order parameter η = 1/2. The whole region of energy values (a), gap region (b), and energy regions in vicinities of the left (c) and right (d) 
edges of the gap are shown.

Fig. 2. Dependence of the density of electron states on the energy at values of the scattering potential δ/w = −0.3 and the impurity concentration y = 0.2 with different 
order parameters η = 0.1 (a), η = 0.25 (b), η = 0.4 (c). The energy region in a vicinity of the gap is shown.
In a vicinity of the Dirac point, the dependence of the energy on 
the wave vector takes the form

ε1,2(k) = 1

2
δ ±

(
1

2
|δ| + h̄2υ2

F

|δ| k2
)

. (16)

It is seen from Figs. 3–4 that, at the ordering of a substitu-
tional impurity with the stoichiometric concentration y = 1/2, the 
gap appears in the energy spectrum of graphene. For the scatter-
ing parameter δ > 0 or δ < 0, the gap is located, respectively, to 
the right or left from the Dirac point on the energy scale.

If the Fermi level falls in the domain of a gap arising at the 
ordering, then the electrical conductance σαα → 0, i.e., a metal-
dielectric transition appears.

If the Fermi level is located outside the gap, then we see from 
formula (15) that the electrical conductance increases with the or-
der parameter η.

At the concentration y = 1/2, if the order parameter η → 1, the 
electrical conductance of graphene σαα → ∞, i.e., graphene passes 
to the state with ideal conductance.

Here, the analytical study of the influence of the ordering of 
an impurity on the energy spectrum and electrical conductance of 
Fig. 3. Dependence of the electron energy on the wave vector for graphene with 
completely ordered impurity with the concentration y = 1/2 and scattering param-
eter δ/w = 0.1. On the right, the region of the Dirac point is shown.

graphene was executed in the approximation of coherent potential. 
In order to evaluate the corrections to this approximation caused 
by the contribution of the processes of scattering of electrons by 
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Fig. 4. Dependence of the electron energy on the wave vector for graphene with 
completely ordered impurity with the concentration y = 1/2 and scattering param-
eter δ/w = −0.1. On the right, the region of the Dirac point is shown.

clusters of two, three, etc. atoms, the following parameter was in-
troduced in [20]:

γi(ε) =
∣∣∣∣〈(toi(ε)

)2〉 ∑
l j �=0i

G̃oi,l j(ε)G̃lj,oi(ε)

∣∣∣∣;
〈(

toi(ε)
)2〉 = (1 − yi)

(
t Aoi(ε)

)2 + yi
(
t Boi(ε)

)2
. (17)

This parameter was analyzed in [14], where its following repre-
sentation was given:

γi(ε) = ∣∣Pi(ε)/
(
1 + Pi(ε)

)∣∣;
Pi(ε) = − 〈(t0i(ε))2〉

1 + 〈(t0i(ε))2〉(G̃0i,0i(ε))2

×
(

1

1 + 〈(t0i(ε))2〉(G̃0i,0i(ε))2

d

dε
G̃0i,0i(ε) + (

G̃0i,0i(ε)
)2

)
(18)

As was shown in work [14], the contributions of the processes 
of scattering of electrons on clusters to the density of states and 
the electrical conductance decrease and are guided by some small 
parameter γi(ε), as the number of atoms in a cluster increases. 
The parameter γi(ε) is small in a broad region of changes of char-
acteristics of the crystal, except for narrow energy intervals on the 
edges of the spectrum and on the edges of the energy gap.

It follows from the formulas (19), (4), and (10) for the order 
parameter γi(ε) that the width of this energy interval on the gap 
edges is as follows:∣∣∣∣�ε′(η)

w

∣∣∣∣ = exp

(
− π w2

3
√

3δ2(1 − y − η/2)(y + η/2)

)
. (19)

In the energy region (19), the parameter γi(ε) takes values 
1/2 ≤ γi(ε) ≤ 1. Thus, the processes of scattering on clusters give 
a significant contribution to the density of states at the energies of 
electrons lying in interval (19). We note that formula (15) for the 
electrical conductance of graphene cannot be used, if the Fermi 
level falls in interval (19) of energies at the gap edges.

4. Conclusions

It is shown that if the ordering parameter η is close to the 
maximum value ηmax = 2y, y < 1/2, the plot of the density of 
electron states contains peaks corresponding to impurity levels. 
These peaks arise at the edges of the energy gap arising at the 
ordering of impurity atoms (Fig. 1, c, d). As the ordering parame-
ter η decreases, the levels split into impurity bands (Fig. 2, a).

In the approximation of coherent potential, graphene with an 
impurity is described by the model of effective periodic medium. 
The above consideration indicates that the approximation of coher-
ent potential cannot be used for the narrow spectral regions due to 
the appearance of the localized impurity states in graphene. For-
mula (15) for the electrical conductance of graphene cannot be 
used as well, if the Fermi level falls in the interval of energies at 
the gap edges.

The made conclusions on the appearance of a gap in the energy 
spectrum of graphene at the ordering of an impurity agree with 
the results of numerical calculations in [21].
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