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Coherent anti-Stokes Raman Scattering (CARS) spectroscopy is a nonlinear optical technique
that is used to investigate many di®erent chemical and biological systems. This tool is very

e±cient and essentially completely rejects °uorescence. As is well known, the excitation pro¯les

of resonance CARS are mostly used to estimate the origin shift parameters with electronic
excitation for vibrations with resonantly enhanced Raman components that give information

about the molecular structure and its changes in an excited electronic state. Certainly, it is

necessary to have an appropriate theoretical model for pragmatically representing these

processes and considering the joint (simultaneous) impact of di®erent broadening mechanisms.
The theoretical model presented in the paper is the most general and is free from a priori

assumptions. Also, the mathematical algorithm created on its basis is °exible and fast for

quantitative calculations.

Keywords: CARS spectroscopy; vibronic interactions; �-carotene.

1. Theoretical Part

In the Coherent anti-Stokes Raman Scattering (CARS) process, three waves, two at

the pumping frequency !1 and one at the Stokes frequency !2, interact with a target

*Corresponding author.

Modern Physics Letters B

Vol. 38, No. 21 (2024) 2342010 (7 pages)

#.c World Scienti¯c Publishing Company
DOI: 10.1142/S0217984923420101

2342010-1

https://orcid.org/0009-0005-2000-0707
https://orcid.org/0009-0003-0514-4900
https://orcid.org/0000-0003-0263-611X
https://orcid.org/0000-0002-0674-5826
https://dx.doi.org/10.1142/S0217984923420101


molecule. Nonlinear optical e®ects caused by the third-order nonlinear susceptibility

�ð3Þ mechanism leads to the formation of new coherent radiation at the anti-Stokes

frequency !3 ¼ 2!1 � !2. The e±ciency of such a process attained in any medium

grows sharply as di®erence � ¼ !1 � !2 approaches the frequency of the Raman

active transition !ng
¼ Eng

=}. In order to obtain the excitation pro¯les, one scans the

frequencies !1 and !2 in such a way that � ¼ !1 � !2 ¼ Eng
is satis¯ed all the time.

The shape of excitation pro¯les is very sensitive to di®erent broadening mechanisms:

homogeneous and inhomogeneous.1 Consequently, identi¯cation of the contributions

from broadening mechanisms along with the determination of the parameters

characterizing the change of the equilibrium geometry of molecules in the excited

electronic state are very important. Therefore, the joint in°uence e®ects of condensed

medium and intramolecular process on the excitation pro¯les of CARS spectral lines

are studied.

The intensity distribution of the CARS spectral line within the framework of the

basic model of the vibronic interaction theory has the form1

PðngÞð!1Þ ¼ �
ð3Þ
ðngÞð!1Þ �

X1
ke¼0

X1
me¼0

�ke;me
ng

ð!1Þ
�����

�����
2

; ð1Þ

where

�ke;me
ng

ffi �4
eg

hOgjmeihmejngihngjkeihkejOgi
ð!1 � !eg � Eke þ i�keÞð�� Eng

þ �ng
Þð!3 � !eg �Eme

þ i�me
Þ : ð2Þ

In Eq. (2), �eg is the electronic dipole moment of the transition, j0gi and jngijkei are
the vibrational wave functions of the vibrational ground and ngth excited states in

the electronic ground state, respectively; jkei and jmei are the corresponding wave

functions in the excited electronic state; Eke and Emg
are the vibrational energies of

jkei and jmei, respectively, counted from the purely electronic transition energy !eg;

�ke and �me
are the decay constants of the vibronic states kei and jmei, respectively.

According to Ref. 1 a Gaussian distribution is the most natural form of the

function characterizing the variation in the magnitude of the gap !eg relative to the

average value of this gap, �!, i.e.

�ð!egÞ ¼ ð
ffiffiffiffiffiffiffiffi
2��

p
Þ�1exp½�ð!eg � �!egÞ2=2�2�; ð3Þ

where �ð!egÞ is the probability that the gap assumes the particular value !eg and � is

the inhomogeneous width of the distribution. The correct averaging of �ð3Þ over the
distribution of Eq. (3) was ¯rst accomplished in Ref. 1; however, both to obtain the

theoretical analysis of the ¯nal expressions and there use in quantitative computa-

tions are extremely di±cult.

Having substituted � � !1 � !2 � "ng
and transforming the remaining part of

the denominator into the form

ð!1 � !eg � "ke þ i�keÞ�1 � ð!3 � !eg � "me
þ i�me

Þ�1

ð!1 � !egÞ þ ð"ke � "me
Þ þ ið�me

� �keÞ
; ð4Þ
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it is not di±cult to carry out the averaging of �
ð3Þ
ng
ð!1Þ with respect to Eq. (3) with

consideration of

hhð!1 � !eg � "þ i�Þ�1ii ¼ � i

�

ffiffiffiffi
�

2

r
W

!1 � !eg � "þ i�ffiffiffi
2

p
�

� �
: ð5Þ

Here, WðzÞ is a complex function2

WðzÞ ¼ i

�

Z 1

�1

expð�t2Þdt
z� t

¼ expð�z2Þerfcð�izÞ ðImz > 0Þ; ð6Þ

connected by a simple relation with the plasma dispersion function

Zð�þ i	Þ ¼ i
ffiffiffi
�

p
Wð�þ i	Þ: ð7Þ

We separated the real � and imaginary (’) parts of the functionWðz ¼ �þ i	Þ from
(6) for arbitrary values of 	 and � in the form of rapidly converging series.3 In the

following we present simpler but still accurate expressions for the functions:

 ð�; 	Þ ¼ expð��2Þ expð	2Þcosð2	�Þ½1� cthð2�	Þ�
(

þ ð2	=�Þ
X1

n¼�1
expð�n2=4Þchðn�Þ=ðn2 þ 4	2Þ

)
ð8Þ

and

’ð�; 	Þ ¼ expð��2Þ expð	2Þsinð2	�Þ½cthð2�	Þ � 1�
(

þ ð1=�Þ
X1

n¼�1
nexpð�n2=4Þshðn�Þ

,
ðn2 þ 4	2Þ

)
; ð9Þ

which were obtained with the aid of the summation

2	

�

� � X1
n¼�1

exp � n2

4

� �
ðn2 þ 4	2Þ�1 ¼ expð	2Þ½cthð2�	Þ � erfð	Þ� ð10Þ

The function �ð�; 	Þ is known in spectroscopy as the Voigt pro¯le3; it is the

outcome of the convolution of the Lorentzian and Gaussian functions and determines

the dependence of the di®erent spectral coe±cients on frequency (� is the dimen-

sionless detuning of the resonance frequency) and plays an important role in all

questions of line-shape analyses.

It is not di±cult to show that near the maximum (j�j < 1) (and more accurately the

smaller fundamental parameter 	 � �=
ffiffiffiffiffiffi
2�

p Þ. That is onemay approximate�ð�; 	Þwith
�ð�; 	Þ ¼ expð��2Þ½að	Þ � bð	Þcosð2�	Þ�; 	j�j < 1; ð11Þ

with coe±cients

að	Þ ¼ 1ffiffiffiffiffi
�	

p ; bð	Þ ¼ expð	2Þerfcð	Þ � ð	
ffiffiffiffiffi
�Þ

p �1
; ð110Þ
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when the inhomogeneous (Gaussian) mechanism dominates the homogenous

(Lorentzian). So far as the far wings of the Voigt curve are symmetrical with respect to

� ¼ 0, they approximate the shape of the Lorentzian line

�ð�; 	Þ ¼ 	ffiffiffi
�

p ð	2 þ �2Þ
� �

1þ �2

ð	2 þ �2Þ2
� �

; 	j�j > 1; ð12Þ

where the expression in the second set of brackets gives a correction to the Lorentzian line

for the wing of a Voigt curve.

Finally, so far as returning to analyses of (1)–(3), it is easy to ¯nd the antisym-

metric function ’ð��; 	Þ ¼ �’ð�; 	Þ3 which describes the dispersion curve. Accord-

ing to (7) and (8), by simple di®erentiation of ’ð�; 	Þ,

’ð�; 	Þ ¼ ð2	Þ�1@�

@�
þ ð�=	Þ�ð�; 	Þ: ð13Þ

Returning to the averaging of the expression for �
ð3Þ
ng
ð!1Þ over the distribution of (3),

considering (2), (5), (8) and (9), we ¯nd it more complicated to write

h�ke;me
ng

ð!1Þi ¼
�4
eg

�ng�

ffiffiffiffi
�

2

r hOgjmeihmejngihngjkeihkejOgi
ðEng

þ Eke � Eme
Þ2 þ ð�me

� �keÞ2
� fð�me

� �keÞ½’ð�me
; 	me

Þ � ’ð�ke ; 	keÞ�
� ðEng

þ Eke � Eme
Þ½ ð�ke ; 	keÞ �  ð�me

; 	me
Þ�

þ ið�me
� �keÞ½ ð�ke ; 	keÞ �  ð�me

; 	me
Þ�

þ iðEng
þEke �Eme

Þ½’ð�me
; 	me

Þ � ’ð�ke ; 	keÞ�g; ð14Þ
where

�ke �
!1 � !eg � Ekeffiffiffiffiffiffi

2�
p ; �me

� !1 � �!eg � Eme
� Engffiffiffiffiffiffi

2�
p ; 	keðmeÞ �

�keðmeÞffiffiffiffiffiffi
2�

p ð140Þ

and the functions  ð�; 	Þ and ’ð�; 	Þ are given by Eqs. (8) and (9).

According to Eq. (4), h�ð3Þi is a complex quantity whose real and imaginary parts

make signi¯cant contributions to the intensity distribution in CARS spectra and to

the formation of the corresponding excitation pro¯les png
ð!1Þ.

2. Numerical Analysis

For the validation of the developed theory, an analysis of experimental data of CARS

excitation pro¯les4,5 of trans-�-carotene dissolved in benzene at room temperature

was carried out. Two strongly expressed peaks at 1527 cm�1 and 1158 cm�1 were

observed in the CARS spectrum of trans-�-carotene belonging to the C¼C and C–C
stretching modes, respectively.

The mostly adopted approach to determining the numerical values of dimen-

sionless equilibrium shifts Q0jðj ¼ 1; . . . ;NÞ, �, and � implies determining the
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parameters that show the best compliance theory and experiment. For a polyatomic

molecule having several active vibrations, this is a time-consuming task that is

equivalent to ¯nding the minimum in multidimensional space for the following

functional:


 ¼
Xp
i¼1

½h� ke ;me

ng
ð!i;Q01 ; . . . ;Q0N ; 	;�Þi � �ng

ð!iÞ�2; ð15Þ

where p is the number of experimental points !i on the frequency scale with the

measured values of �ng
ð!1Þ at those points, andN is the number of active vibrational

modes.

The minimization of the functional (15) by least squares method for the CARS

excitation pro¯les for the two active modes with �1 ¼ 1527 cm�1 (C¼C) and

�2 ¼ 1158 cm�1 (C–C) can be done independently. It gives a good enough agreement

with the experiment, but at the same time noticeable di®erence can be observed in

the values of some main parameters. In particular,

Q01 ¼ 1:3; Q02 ¼ 0:9; � ¼ 55 cm�1 and � ¼ 352 cm�1; ð16Þ
for the CARS excitation pro¯les of the C=C stretching mode, and

Q01 ¼ 0:3; Q02 ¼ 0:9; � ¼ 58 cm�1 and � ¼ 391 cm�1; ð17Þ
for the CARS excitation pro¯les of the C–C stretching mode.

Both sets indicate that the major broadening mechanism is inhomogeneous

(�� �).

It should be mentioned that the non-compliance of the experimental results of

the CARS excitation pro¯le for the CH3 band
5 with the theoretical curves appears

because the band at 	1000 cm�1 overlaps with that of benzene at 992 cm�1 and,

consequently, errors may accumulate during the computation of the CARS excita-

tion pro¯le.

The next e®ort in the numerical calculations was a joint minimization of the

functional delta for the CARS excitation pro¯les of �1 and �2, which gave results

that were in good agreement with experiment (Fig. 1).

The compliance obtained by joint minimization is a bit less exact than for indi-

vidual minimization; however, if we compare the compliance by joint minimization

to both compliances of individual minimization, then the joint minimization gives

much more agreement with experimental data than the individual minimization of

the functional. Also, one of the causes for a less exact compliance in joint minimi-

zation concludes in the limitation for the third active mode.

Comparing the results obtained in this work to the results for Stokes and anti-

Stokes Raman excitation pro¯les of �-carotene, it can be noted that the dimen-

sionless equilibrium shifts Q0 are somewhat lower, and the broadening parameters �

and � are signi¯cantly lower in the presented work.

Theoretical study of excitation pro¯les of CARS
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3. Conclusion

The basic model of vibronic interaction theory successfully used in investigations

of anti-Stokes resonance Raman excitation pro¯les of �-conjugated systems has

been applied to study the CARS excitation pro¯les of trans-�-carotene in benzene

solution.

A complex quantitative analysis of the excitation pro¯les of �-carotene in benzene

through the minimization of the mean square deviation of the theoretical curves from

the experimental points was carried out.

Quantitative values of the theoretical parameters obtained because of the mini-

mization are in good enough agreement with the theoretical parameters obtained by

us for the resonance Raman excitation pro¯les.6
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Fig. 1. CARS excitation pro¯les for the dominant active vibrations with frequencies �1 ¼ 1527 cm�1 (a),
and �2 ¼ 1158 cm�1 (b). The circles are from the experiment.5 The solid curves represent calculations from

(4) with numerical values for the parameters speci¯ed from the set (13).
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It was found that the major broadening mechanism is inhomogeneous, which

coincides with the results obtained in our previous study6 of the results from ex-

periment4 and contradicts the results obtained by others for the simple reason that

before the introduction of the Voigt function, the band shape was assumed to be

Lorentzian (homogeneous).

We hope that this paper will be a kind of impetus for experimenters to study a

speci¯c object under the same conditions (environment, temperature, etc.) with the

mentioned nonlinear techniques because so far resonance Raman excitation pro¯les

for �-carotene have been studied experimentally in various solvents but not in

benzene.
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