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This paper presents a new method of describing electronic spectrum, thermodynamic
potential, and electrical conductivity of disordered crystals based on the Hamiltonian
of multi-electron system and diagram method for Green’s functions finding. Electronic
states of a system were described by multi-band tight-binding model. The Hamiltonian
of a system is defined on the basis of the wave functions of electron in the atom nucleus
field. Electrons scattering on the oscillations of the crystal lattice are taken into account.
The proposed method includes long-range Coulomb interaction of electrons at different
sites of the lattice. Precise expressions for Green’s functions, thermodynamic potential
and conductivity tensor are derived using diagram method. Cluster expansion is obtained
for density of states, free energy, and electrical conductivity of disordered systems. We
show that contribution of the electron scattering processes to clusters is decreasing along
with increasing number of sites in the cluster, which depends on small parameter. The
computation accuracy is determined by renormalization precision of the vertex parts of
the mass operators of electron-electron and electron-phonon interactions. This accuracy
also can be determined by small parameter of cluster expansion for Green’s functions of
electrons and phonons.
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1. Introduction

Progress in describing of disordered systems is strongly connected with develop-
ment of electron theory. Substitution alloys are best described among disordered
systems. Traditional knowledge about physical properties of alloys is based on Born
approximation of the scattering theory. But this approach obviously cannot be ap-
plied in case of a large scattering potential difference of components that holds
for the description of alloys with simple, transition, and rare-earth elements. The
same difficulty relates the pseudopotential method.! Because of non-local nature
of pseudopotential, the problem of pseudopotential transferability exists. It is im-
possible to use nuclear potentials determined by the properties of some systems to
describe other systems. Because of using theory of Vanderbilt ultra-soft potentials?:>
and method of projector-augmented waves proposed by Blochl,?# in investigations
of electronic structure and properties of the system have been achieved fundamen-
tal progress. Significant success in the study of electronic structure and properties
of the systems achieved recently because of the use of ultra-soft pseudopotential
Vanderbilt?>? and the method of projector-augmented waves in density functional
theory proposed by Blochl.>* This approach was developed further because of use
of the generalized gradient approximation in density functional theory of multi-
electron systems, developed at Perdew works.>™® In projector-augmented waves
approach, the wave function of valence states of electron (all-electron orbital) is
expressed by using the conversion through the pseudo orbital. Pseudo orbital ex-
pands to pseudo partial waves in the augment area. Even so all-electron orbital in
the same area is expanded with the same coefficients via partial waves, described by
Kohn—Sham equation. Expression for pseudo Hamiltonian which we have in equa-
tion for pseudo wave function is derived by minimizing the full energy functional.
Using this equation and expanding pseudo orbital by plane waves, we can derive set
of equations for expansion coefficients. From this system it is possible to get elec-
tron energetic spectrum, wave functions, and value of the full energy functional. It
is shown in Ref. 9 the way to use this method for describing the electron structure
of crystals, using VASP program package. Using cluster methods of calculation and
GAUSSTIAN program package, this approach could be used for description molecule
electronic structure.

It should be noted, recently in Refs. 9-16 simple effective calculation method
of electronic structure and properties for big molecules had been proposed. This
method is based upon tight-binding model and functional density theory, which
includes long-range Coulomb interaction of electrons on different sites of crystal
lattice. Long-range Coulomb interaction of electrons on different sites is described
in the local density approximation.

But mentioned methods® !¢ are used only for description of ideal ordered crys-
tals and molecules.

In disordered crystals, effects associated with localized electronic states and
lattice vibrations occur. They cannot be described in a model of an ideal crystal.
In this regard, other approaches are developing too.
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Essential achievement in description of properties of disordered systems is con-
nected with application of tight binding model in the multi-electron scattering,
including approximation of coherent potential. Starting from Slater’s and Koster’s
work,'"!8 there was wide use of the tight binding model in electronic structure
calculations and in description of ideal crystals properties. Later it was generalized
for the case of disordered systems.

In Refs. 19 and 20, method of describing magnetic alloys, electronic struc-
ture based on functional density theory is proposed. The effective potential in

2122 consists of atomic potential and Pauli addition, which

Kohn—Sham equation
is expressed through magnetic field induction. Atomic potential and induction of
magnetic field are expressed through variational derivative of exchange-correlation
energy by electronic density and magnetization, respectively. Calculations of elec-
tronic structure of magnetic alloy are based on already mentioned effective mass
potentials using the self-consistent Korringa—Kohn—Rostoker coherent potential ap-
proximation, but more developed in Refs. 23-25. In Ref. 19 proposed a method of
calculating the parameters of interatomic pair correlations due to the pair mixing
potential, which is expressed through the second derivative of the thermodynamic
potential of the alloy concentration.2® This thermodynamic potential is calculated
in one site coherent potential approximation. It should be noted that the methods
developed in Refs. 17-19, 23-25, do not include long-range Coulomb interaction of
electrons at different lattice sites.

For calculations of energetic spectrum, free energy and electroconductivity of
disordered crystals in our work developed multi scattering theory based on Green’s
functions. Electronic correlations in crystal are described in multiband tight-binding
model. It includes wave functions and atomic potentials recalculation with taking
into account electronic density redistribution as a result of atomic interaction. The
model includes long-range Coulomb interaction of electrons on different sites of
crystal lattice. The wave functions of noninteracting atoms are calculated based on
Kohn-Sham equation using Perdew potentials.>? Electron scattering processes on
the ionic core potentials of different sorts and on oscillations of crystal lattice are
taken into account. Calculations of two-time Green’s functions based on tempera-
ture Green’s functions.?”

This uses a known relation between spectral representation for two-time and
temperature Green’s function.?®

Calculation of two-time Green’s function of disordered crystal is based on di-
agram technics, analogous to diagram technic for homogeneous system.?® Set of
equations for temperature Green’s function, expressions for free energy and electo-
conductivity of solids are derived. Accuracy of the energetic spectrum calculation,
free energy, and crystal conductivity calculations is based on renormalization of
vertex parts of the electron-electron and electron-phonon mass operators.
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2. Hamiltonian of Electrons and Phonons System for
Disordered Crystals

Hamiltonian of disordered system (alloy, disordered semiconductor) consists of
Hamiltonian of electrons in the external nucleus field, the Hamiltonian of electron-
electron interaction, the Hamilton of nucleus, and the Hamiltonian of electron-
nucleus interaction. Motion of ion subsystem reduces to nucleus oscillations near
equilibrium position under the influence of nucleus interaction force and their in-
direct interaction through electrons. In the Wannier representation, the system

Hamiltonian is:2”

H = Hy+ Hyyy, (1)
where zero-order Hamiltonian
Ho=H + H), (2)

consists of the Hamiltonian of the electrons in the field of cores of atoms ideal
ordered crystal.

Z hm’y n’i'y’ nz'y n'i’'y’ (3)

niy

Y
n'i'y

and the harmonic phonon Hamiltonian for the motion of the cores of atoms ideal
ordered crystal

0) _ 2 : Plia Z
th - (I)nza n'i' o Unialn/i’a’ - (4)

Here, the cores of atoms are located on a periodic lattice (i.e., the unperturbed
system is periodically ordered and has no disorder). The symbol n denotes the unit
cell, i denotes ith basis vector in the nth unit cell, and v denotes all of the other
quantum numbers for the orbital, including spin. Disorder will enter for the species
of core at a particular lattice site, which need not be periodic via a perturbed
Hamiltonian term (see below). The symbol h(®) denotes the “hopping integral”
that connects the respective orbitals. For the phonon Hamiltonian, n and i are the
same as before, namely the unit cell and basis site within the unit cell, while « is
a spatial direction (z,y, or z). P,iq is the core momentum, M; is the mass of the
core, Uy 18 the deviation of the core from the equilibrium position of the lattice
site, and (ng)am,i, o 18 the corresponding spring-constant matrix.

The interaction Hamiltonian in Eq. (1) is the perturbation of the system due to
all of the effects we will be including. It is composed of six pieces:

Hint :6®+H60+Heph+Hee+thc+thpha (5)

0P is the modification of the core-core Coulomb interaction due to the disordered
atoms added to the system; it is the difference between the original core-core re-
pulsion Hamiltonian and the new one. The electronic Hamiltonian is modified by

2040065-4



Tight-binding model in the theory of disordered crystals

the term

+
E Wriry,n'i'y" Ay A’ i’y (6)

niy
n/i/’yl

which is the difference between the new hopping Hamiltonian and the original
periodic one. The electron-phonon interaction is given by

eph = E Um'y n’i’~y! m'ya"’i”)" (7)

niy
nl’il’yl

It is described in more detail below. The Hamiltonian of the Coulomb interaction
between electrons is given by the term

_ = E 2)774 na + +
Pf’ - n3,n4 nla’nzan3an4 )
ni,nz
nslm (8)
n = (nivy).

The modification of the interaction of the phonons with the cores caused of the
disordering of the atoms is given by

phc - § AM nwé n'i’ a/PniaPn’i/a/
nio
n'i'a’
; ©)
+ 5 E A(bnia,n’i’a’uniaun’i’a’ )
nio
n/i,a/
where
1 1
AM L rite! — < - s 6nn’6ii’5ao¢’v (10)
nia,n’i o Mni’ Mi

0
Aq)nia,n’i’a/ = (I)nioz,n/i/o/ (I)( )

nia,n’i’' o’

and M,;, M; are the masses of the atoms
at site (n7) for disordered and ordered alloy, respectively.

We also include the cubic anharmonic potential terms for the phonons (under
the assumption that they remain small and can be treated perturbatively) via

1
thph = g § (I)nia,n’i’a’,n”i”a”uma X Up/ i’ Un!rir ol - (11)
e,
11 11 17
n 1 «

The operators azm, aniy create and destroy electrons in the state described
by Vane’s function ¢n.(§) = (§|nivy), where { = (r,o’) are the spatial and
z-component of spin coordinates of the wave function.

To construct Wannier functions, we use analytical expressions for the wave func-
tions ¥y;5(r — ry;) of an electron in the field of nuclei of atoms of type A localized

at the lattice sites (ni) of a perfectly ordered crystal. Here 6 = &lm is a superindex
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which incorporates the quantum numbers for the principle energy eigenvalue €, the
standard angular momentum quantum numbers land m, r is the electron position
vector, ry; is the position vector for the atom at site (ni) in equilibrium.

rni:rn+piv

ry, = Z ll/al/ s (12)

r, is the position vector of the node n of the crystal lattice, p,; is the vector of
the relative position of the node of the sublattice i in the unit cell n. Vectors p;
are called basic translation vectors of the crystal lattice, the number of which is
determined by the dimension of the crystal. The coordinates [, of the radius vector
of the crystal lattice r,, node are integers.

Basis orthogonalization performed with Lowdin method:2°

’&n16> - 571/2 "l/}ni5>a Snizs,n’i’é’ = <wni5wn’i’5/> ) (13)

where Sy;5.i75 are overlapping matrix.
Vane’s functions ¢, (r,o’), on which Hamiltonian of the system is represented
as in Eq. (1), are defined from equation:

¢ni’y (I‘, J/) = 1/~Jm‘5 (I‘ - rni)XU (J/) ) (14)

where X, (0)-spin part of wave function, v = do.
The orthogonized wave function can be represented as:

Unis(t — Tpi) = Rig(|r — I‘m|)Ylm(I‘ff\m) ;

— (15)
Ylm(r - rnz’) = }/lm(& 90) )
where 6, ¢ are the angular spherical coordinates of the vector r — ;.
The radial part of the wave function is given by the equation
= —-1/2
Ri6(|r_rm‘|)ylm(9 =0,¢ :O) = Z Snlz‘{él,niéRélll(Tl)Yllml(eh901)'
1M Y 5
(16)
In expression (16),
rf=r—Tpi =T —Tpi —Tpiiyi, (17)
I""7117;11‘ = I‘774174‘1 —Tni = (‘/L.’}Llili7 xi1i1i7 ‘T’fs'l,lili) ) (18)
i = ) Uag + ol — i (19)
14
) ) 5 1/2
ri= (r2 e =il = 20— el 2d,) (20)
2 2 _ .2
re . —Trf—1
01 = m — arccos —*L* ! 21
! 2rry (21)
2
s ..
p1=m— arctg%%”. , (22)
nie1t
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Here it is taken into account that the coordinates of the radius vector of the crys-
tal lattice site r, are equal I, = 0. In expression (18), @, ; ;/Tnyivi» T i i/ Tnyivis
a3 . i/Tnyiyi there are projections of a unit vector directed along the vector
Tpn,i, — I'ni, Which are called directing cosines 4,4, Mnyiyi, Pnyiyi- The overlap ma-
trix Syis,n'i760 is found from the equation:

Sn11151,n2i2(52 = ///R5111 (Tl) )/ljml (617 @1)R5212 (TQ) )/lng (92, 502) T%

X sin 91d7“1d91d§01 . (23)
In expression (23),

N =- —Tp iy, 2 =T —Tpyip =1 — Tngiggg s

1 1 2 2 2 2 3 3 2\ 1/2
2 = ((1‘1 - m”ZiQil) + (xl - xn2i2i1) + (.731 - xn2i2i1) ) )

x% = 71 sin 01 cos gol,:zz% = rysinf; singpl,z‘f =11 cosfy,

Trgigiy = Zl,(jz)aff + Py — Py s (24)
v
ricosfy — a3 . .

cosfy = — L Tnaisiy (25)

T2

rysinfy cosp; — x

1 ..
netah (26)

(g = arccos
ro(l — 005292)1/2

To find the matrix Snﬂ1 5, nis 1D expression (16), we find the Fourier transform of
the matrix

Sisivs (k) = Zsma,n/iweik(r"”’ Tni) (27)

The vector k is defined by the expression
k=> kb,,

(aubu’) = 275uy’ ’

b, -basis vectors of translations of the reciprocal lattice.
Summing over n’ on the right-hand side of formula (27) is easy to do if we
replace it according to (12) by summing over and use

k(rﬂ’i’ - rnl - Z Zk ba (Z lv/av’ + pz/ p?) . (29)

a=1 v

(28)

The matrix Syisn/is has an infinite rank. The rank of the matrix S;s,:5 (k)
is finite, which allows you to find the matrix S;;}i{g, (k). The matrix S;lli{ 251,m' 5 in
expression (16) is found from the equation:

—-1/2 —-1/2 7ikr// Cni
Snzé n'i'é’ — N ZSMS /5’ (Fars ) (30)
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Values hgll)“ i nzigys 1T Eq. (3) are the matrix elements of the kinetic and potential

energy Z v (r —1,,;) of electron in the field of cores of atoms ideal ordered crystal

Values h;l)“ 1 g2 defined by expression:
0
h’Ell)il’yl7’rL2i2'yg = 5i156n1i1517ﬂ2i252601’02 + Z UZfofyl,ngzgfyy Y= o,
19,08 183 1i5£0,0,0,14
(31)
i mais =[] R () Vi, 0100) 0% 19) Res () Vi,
X (02, p2) ri sinO1dridf1dp16s, o, , (32)
4 2 2
me*(Z;,)" . ; Z; €
Eilg:7W76:172,3,...7013 (7"3):7 rs . (33)
In the formula (33), m, e — the mass and charge of the electron, respectively,

Z; are the ordinal number of an atom of the sort A located in the site ni of an
ideally ordered crystal i-Planck’s constant. The expression for r3 are obtained from
expression (24) for ro replacement =< by ¢

The matrix element of the electron-ion interaction Hamiltonian in Eq. (6) is
given by

naizil n3izil’

nl/i/,
Wniy,n'il~ = E wni%n/i’ry' ) (34)
n//i//
where
11 .11 // //
n'’i §
wm-%n/i/v Cn//l// w,,”,y nlll,y s (35)
An/,Z,I o An’ll,/ An’ll// i//
wnl’y n'i'~y' Unl'y n'i’~! + Avnz'y n’i’~' Uni’y,n’i’fy’ . (36)
19201 . . .
The symbol vf{% nrir 18 @ matrix element of the potential of the core of the atom
,
Al
VN (r — Tpi).
)\ngig 1901

Expression for v obtained from formula (32) v (r3) by v*™ " (r3)

’ﬂ1l1’Yl n2i2Y2
replacing. In Eq. (35), ¢, is a discrete binary random number taking the values of
1 or 0 depending on Whether an atom of type A is at site (ni) or not, respectively.
The symbol Avﬁ%lﬁm,v, will be defined next.

The expression for the electron-phonon interaction in Eq. (7) is found through

derivatives of the potential energy of the electrons in the ion core field due to a

displacement of the atom by the vector u,;. In Eq. (7), the value of vnw ity 18
given by
/ /n”l’la
Uniy,n/i'y’ = Z Uniy,n’ily Un’"i" o (37)
n//z//a
where
"1
/" (et In ’z”a
7w'y n'i~y! E Cn”z”vnz'y n'i’~! (38)
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. 1500 . .
with v;{\g iy the matrix elements of the following operator
d -1
—en//i//aivkz (|I‘ Y |) 5
d |I‘ —_ I'n//,i//|
r—xX,
Cprrin = - v . (39)
|I' — rnllill‘
. IAnsziza . : 4
Expression for Ui ina obtained from formula (32) replacing v*3 (r3) by
_ ( nstsh) ,U)\ngzg (rd) . (40)
T3 d’/’g
100 . . . . .
The term Avfl‘?,y_;,i,,y, in Eq. (36) describes electron scattering on the static dis-
placement of the atoms and is defined by the equation
w =3 An'ila s\
Avni’y,n/i"y’ = v ni'y,n’i”y’un”i”oz s (41)

(03

where ufl’,/,\i,,ais the a-projection of the static displacement of the atom of type A in

""" caused by the difference in the atomic radii of the components of the

the site n
disordered crystal.
Upon receipt of expressions (34)—(41), it was taken into account that potential

energy operator of electron in the field of atoms core can be expressed: v™ (1 —17,,;),

/

T =

I'pi + W), + Uy, where r — electron’s radius vector, r,; — radius-vector of

atom’s equilibrium position in site of crystal lattice (ni), u?

ni

— vector of atom’s
static displacement from equilibrium position in site (ni), u,; — atoms displace-
ment operator in site (ni). Expanding v™ (r — 1,,;) the series in powers t,;, and
restricting ourselves to linear terms, we arrive at expressions (34)—(41).

The matrix of the force constants arising from the direct Coulomb interaction
of the ionic cores has the form:

ZniZn/i/eQ
dmeolry, + p; — T — Py

> 1al =
(I)nwz,n e ‘5

x |3 (rna + Pia — Tn'a — pi’a) (Tna’ + Piac — Tn'a’ — Pi’a’) (42)

—|rn +p; — T — pi,|2(5aa/} yni #n'i’.

where Z,; is the serial number of the atom located in the lattice site ni of the
disordered crystal, is given by the expression

Zm‘ = Z CﬁiZi . (43)
A
This matrix ®,;q,n/io’ satisfies the following constraint:

Z (Dnia,n’i’oc’ =0. (44)

n'i’
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Matrix <I>£”)a wivo derived from expression for matrix ®,iq n/ior in which Z,; = Z;.

To calculate multicenter integrals v,&?ﬁi’nz,n = (niy) in formula (8), we approxi-

mate atomic orbitals by Gaussian functions in accordance with the formula:

2 3

Rié (|I‘ B rm|) _ ZAg;éefbpié((ajlfai}li) +(z 7103”) +(w 790?11) ) (45)
D

The product of two Gaussian functions centered on different sites can easily be
reduced to one Gaussian function, the center of which in the general case does not
coincide with the lattice site.?? As a result, for multicenter integrals, we obtain the
expression:

niiiyi,n2i2ye _ 2 §
Ungizys,naiaya — € 6‘71”45”2‘73 A1151A1252A1353A1454
P1,P2,P3,P4

C
// |I" — r//| P1n11151,;ﬂ4n42454 (‘ T, naia |) Rp2n2i262,p3n3i363

(‘I‘ rﬁ2127n313 D }/llml (rl rnlh) }/lzmz (I‘N - rn2i2)
X Y53m3 (I‘H - rn3i3) 1/147714 (I'/ - rn4i4) dgridg’r”l . (46)

In expression (46),

’ c
Rplnlilél;p4n4i464 (‘T - rn1i17n4i4|)

j— c . .
= eXp <_ (bl’11151 + bp4’454 |’I“ TP1n11151,p4n4l454’ + dP1"111517:D4n41454) ) (47)

C
Rp27l2i252,p3n3i353 (\T — Thais,nais |)

2
_ ] ) " .c ) )
= exp (_ (bp2’262 + bp3’353) ’T r11727l2i2527113713i353| + dp2n21252,1)3n31353) ) (48)

(e «
ac bp1i151$n1i1 + bp21'252xn2i2
Tpiniiidy,penaisds — ’ (49)
bp1i151 + bp2i252

2
— . . ac
dp1711i151,172n2i252 = (bP1l151 + bp21252) 2 : (xp1n1i1517p2n2i252)

— bprivsy Z (295) " = bpainss 3 (25,5,)7 (50)
0 Zl(l)ao‘ + 05T ZZ(Z)aa + 05 (51)

In expression (49), T3%, i 5. bonsiss, ar€ the coordinates of the center of the Gaussian
orbital, to which the product of two Gaussian orbitals, centered on different sites
n1i1, natsy is reduced.

Spherical harmonics in expression (46) are calculated by the formula:

Vi, (7 = rngi) = Y, (01.61), (52)
Y—l4m4 (rl - rn4i4) = le4m4 (9117 9021) ) (53)

2040065-10



Tight-binding model in the theory of disordered crystals

Yl:mg (r// - rnziz) = }/l:mg (0/2,7 90/2/) ) (54)
Ylsms (I‘// - rnsls) - Ylsms (92/)‘/7 (pg) : (55)

In the formula (46),

1/2
v | = (Z (a5 — a:;'af) : (56)

d3ry = ri? sin 0} dridfdy] (57)
d3r"y =12 sin @ dr" 1 d0" 1 dyp" ;. (58)

Using formulas (24)—(26), (32), integration in expression (46) can be performed
numerically.
So, formulas (24)—(26), (32) describe the procedure for calculating matrix ele-
0 (2)141 71,721 e o
21)1-1 g ,&;g;?ligf{iﬂz Hamiltonian (1), containing one-electron and
two-electron integrals.

ments h
(2)niv,n2izy2 . . . .
i miity 1L Eq. (46) for identical sites (ni) are cal-
culated by integrating over the corresponding angular variables. Integrals of the
product of three spherical functions (a so-called Gaunt integral) are found by using
Clebsch-Gordan coefficients.?! This yields

The matrix elements v

(2)niy,nivz
niyy,niy’

2
=€ 500’60201

> 1 (2054 1)(20 + 1)(215 + 1)(2 +1)]2
23 + 1 (20 +1)(205 + 1)
|1t | Sta <tV
[l —11|<I3<la+1
I+ +13=2k,k1 €N
lo+11 +13=2k1,k1EN

x c(I30'1;0,0)c(3l'l;m” — m,m")c(l3l1l2;0,0)c(l3l1la; mo — My, my)

o0
x Z AP AP AT AP /0 drir} exp — ((bpis + bpris') 15)

p,p’,P1,P2

T1 l3
2 g 2
X / dT2T2 s+l &P — ((bp1i51 + bp2i52) 7"2)
0 Ty

+ / drayr3 exp — ((bpyis, + bpyis,) 73)
0
T2 13

T
. / drirt oy exp = ((byis + byris') 1) (59)
0 2

where [ and m are the standard angular momentum quantum numbers,
c(I"'l;m"”,m’) are the standard Clebsch-Gordan coefficients.3! Integration in for-
mula (59) can be performed analytically.
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3. Green’s Functions of Electrons and Phonons System

We employ a Green’s function based formalism to perform the calculations. Ulti-
mately, we need the real-time retarded GAZ(t,¢') and advanced GAB(t,t') Green’s
functions, which are each defined as follows:32

GAB (1) = 1 6(¢ — ) ([A(1), B,

G (1) = %H(t’ — ){[A(t), B(t)]) - (60)
Here, the operators are expressed in the Heisenberg representation
A(t) — eiHt/hAe—th/h7 (61)

where h is Planck’s constant, H = H — peN., pe is chemical potential of the
electronic subsystem and N, is the electron number operator given by

N, = al i - 62
Z niy 2

niy
In addition, the commutator or anticommutator is defined via
[A,B] = ABF BA, (63)

where the commutator is used for Bose operators (—) and the anticommutator is
used for Fermi operators (+). The symbol 6(¢) is Heaviside’s unit step function.
The angle brackets (...) denote the thermal averaging with respect to the density
matrix p

(A) = Te(pA), p= e/, (64)

where Q is thermodynamic potential of the system given by exp(Q2/©) =
Trexp(—H/O) and © = kT, with k; Boltzmann’s constant and T'the temperature.
Note that even though the real-time Green’s functions appear to depend on two
different times, because of time-translational invariance for equilibrium systems,
they actually depend only on the time difference ¢ — ¢'.

Our procedure for calculating the real-time Green’s functions follows the stan-
dard one—we first determine the thermal Green’s functions (defined below) and
then analytically continue them to real time using the conventional spectral rela-
tions.

The thermal Green’s function are defined by

GAB (r,7') = (T, A(T)B (1)), (65)
where the imaginary-time operatorA(T) is derived from the real-time Heisenberg
representation and the substitution ¢ = —ih7. Hence,

A(r) = efl" AeHT (66)

In addition, the time-ordering operator satisfies
T.A(T)B(1") = 0(1 — 7)A(T)B (7') + £60 (7' — 7) B(7') A(7), (67)
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where the plus sign is used for Bose operators and the minus sign for Fermi
operators.
We next go to the interaction representation by introducing the operator

o(r) = eflome=HT (68)

with H = HQ + Hint and HO = HO - ,ueNe.
Differentiating the expression for o(7) in Eq. (68) with respect to 7 and then
integrating from 0 with the boundary condition o(0) = 1, we obtain:

o(r) = Ty exp {— /O ’ Hint(T’)dT’] , (69)

where Hiy (1) = efo” Hype o7, Employing this result yields
A(T) = U_I(T)A(T)O'(T) , (70)

with A(7) in the Heisenberg representation with respect to the noninteracting
Hamiltonian. Substituting these results into the definition of the thermal Green’s
function creates the alternate interaction-representation form for the Green’s func-
tion, given by

G5 (7, — _ (TAMBE)(1/6))y. -

(0(1/©))0

where all time dependence is with respect to the noninteracting Hamiltonian and
the trace over all states is with respect to the noninteracting states

(A)o = Tr(poA), po = e(Q0—Ho)/© )

This last result forms the starting point for the perturbative expansion employed
here.

The diagrammatic method is generated by expanding o(7) in a power series in
terms of Hin(7) and then using Wick’s theorem to evaluate the resulting opera-
tor averages (since the noninteracting Hamiltonian is quadratic2®). This technique
then generalizes the approach used for the homogeneous system.?8The denomi-
nator in Eq. (71) cancels all disconnected diagrams in the expansion, as usual.
So the thermal Green’s function are expanded in terms of connected diagrams.
Using the standard relations between the spectral representations of thermal and
real-time Green’s functions,? we obtain the following Dyson equation for the elec-
tronic Green’s function in the real frequency domain (hereinafter the dependence
on r is suppressed):2®

G (2) = G§7(e) + G () (w + Sepn(€) + Tee(€)) G ()
G(2) = G"(e) + G () (AR + Spne(e) + Spnpn ()
x G (e) + Ggp(e)AMflGP“(s) ,
GPP(e) = GEP(e) + GET (e)AMTIGPP (e) + GE(e)
X (AP + Xppe(e) + Zprpn(€)) G“P(a) ,
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GP(e) = GeF(e) + GYFP () AMIGTF () + Gy (e)
X (A® + e (2) + Sppn () GUF(€) |
GPu(e) = GE(e) + GE(€) (A® + Sphe(e) + Spipn(€))
XGU(e) 4+ GEP (e) AM~1GPY(¢), (73)

where ¢ = hw. Here G (¢), G*(¢), GFP(e), GF(¢), GPu(e) are the real-
frequency representation of the single-particle Green’s function of the electrons,
the coordinate-coordinate, momentum-momentum, coordinate-momentum, and
momentum-coordinate Green’s functions of the phonons, respectively; and ., (¢),
Yphe(€), Bee(€), Tpnpn(e) are the corresponding self-energies (mass operators) for
the electron-phonon, phonon-electron, electron-electron and phonon-phonon inter-
actions.

The real-time and real-frequency Green’s functions are related by standard
Fourier transform relations given by,

ﬁ%bi/<%WMW% (74)
) o) "
and

G,fff (w) = G;}f (t) e™tdt. (75)

The thermal Green’s functions are periodic (bosons) or antiperiodic (fermions) on
the interval -1/0 < 7<1/0©, and hence have a Fourier series representation in terms
of their Matsubara frequencies, as follows:

GAB(T) -0 ZGAB (Wn) e~ wnT (76)
and
1 rve 4
G*P(wn) = = / GAB(r) e™rdr, (77)
2) 170

where the Matsubara frequencies satisfy

| 2n7O for Bose particles,
(2n+ 1)m© for Fermi particles, (78)

n=0, +1, +2,...

Note that the thermal Green’s functions are equal to the retarded Green’s functions
evaluated at the Matsubara frequencies for positive Matusbara frequencies and are
equal to the advanced Green’s functions evaluated at the Matsubara frequencies
for negative Matsubara frequencies.

The electronic Green’s functions are infinite matrices with indices given by the
lattice site n, the basis site 7, and the other quantum numbers ~. Similarly, the

2040065-14



Tight-binding model in the theory of disordered crystals

phonon Green’s functions also are infinite matrices with the same lattice and ba-
sis site dependence plus a dependence on the spatial coordinate direction «. This
produces some simple equations for the noninteracting Green’s functions, namely.2®

aa+ -
Go (e) = e — HEVI ()
with
1 0
Hé )= ‘ hgl’)/r,n’i’Y' ’ (80)
-1
Gy*(e) = M@ - 2] o
with
30 — 00 .. =
and
MO = | Mi6nn i daar || - (83)

Here, the double lines denote a matrix.
When the perturbations are small, given by

(%AM + AP + Ephe(zf) + thph(E))

nia,n’i o’

7@ <1, (84)

nia,n’i’ o’

then the solution of the system of equations in Eq. (73) becomes

G (@) = [e— B — (w4 Zepn(6) + Beee)]

2 —1
GU(e) = {sz(O) — o (;AM + A + Xppe(e) + zphph(g)ﬂ . (85)

52

GPP(e) _ =

2
(M(O)) quu<€)7
where
AM = ||(M, — Mm)énn/émlém/ﬂ , € = hw . (86)

The vertex correction I‘Z?}fﬁfi”l (12,7, 71) of the electronic self-energy due to the

electron-phonon interaction Xepn nivy,n’iry (T, 7') is described by the diagram in

Fig. 1. The solid lines correspond to electronic propagators Gaa’ (r,7") and

niy,n’i' vy’
.

3 aa /
the dashed lines correspond to phonon propagators Gni'y,n’i"y’(7-7 7.

Note that the unshaded triangle in Fig. 1 corresponds to the equation

rineizes () o) = 02202 §(r— 1) (T — 1) . (87)

In Fig. 1, the internal summations for 7y imply both a summation over niy and an
integration over the internal time 7.
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e
2 2
= 3 )
g ity B, 27 5”5
- - = + .?‘23}’3 ﬂﬁ?ﬁ ++ s
4 ’ 5
7L / H1 }J] ny 1?-1
Hy - o ER
# Fl 11
P s
Fig. 1. Diagrams for the vertex corrections FZ?,?S&IM (ro,7,71) = I‘Ziaﬁwl. Here # = (niT).
Explicitly, the electron-phonon self-energy become
1 o e’ (0)nyi
Seph nivymtiia (€) = ——— de'coth | — | TV/Mmmen
D nz*y,nz'y( ) 47 o 2(_) niy, n3izvy3
+
uu / U * / aa
X [ nii1a1,n2iz0n (E ) o Gnlilahnzizaz (6 )] Gn3i373,714i474
/ Nota o (0)n1i1(11 o Imiiiaq
X (5 —€ )Fn4i4’)’47n/i/7” Fni%nsis"/a - vni"{7n3i3’¥3 ’ (88)

where repeated indices are summed over.

The self-energy of the phonon due to the phonon-electron interaction is given
by

1 > nia
Ephe nia,n/i/o/(g) = / d€/f (6/) F(O)’

- Tm oo n2i272,M1,1171
. { [G?L?;’Yhnsis’m (e+e) - GZ?ZW*LWMS’Y?, (e+ 6/)}
X Gt mzizne () F Gliygy g g (£ )
x |:G;1L{i:‘*74’"2i2“/2 (5/) o G;ILZ;“:;JQW“Q (5/)} } FZ;iilsf{//San4i4V4 )
(89)
f(e) — the so-called Fermi-Dirac distribution function. The vertex part

Lot (ma, 1T, 7') of the electronic self-energy Yee niy,nriry (7,7') is given in

Fig. 2.
Note that the unshaded square in Fig. 2 corresponds to the equation

~(2)niy,n2iay2 | (2)niy,naizye (2)niv,n2iz2y2 (90)
nii1y,n'dy T Yniiiy,n/iy’ n'i'y  nyizyr C

Using this vertex function, then yields the contribution to the electron self-energy
from the electron-electron interaction:

1 2
Eeeniy,n’i"y’ (5) = dezltym/i/,yf + Zie)niy,n’i"y' (5) 5 (91)
W __ L[ (On2.m [ aa* aat
ee n,n/ 727” a dé'/f (5,) Fn,n’2 ! Gnl,ng (5/) - Gnl,nz (5/)

o0
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Fig. 2. Diagrams for vertex part FZ??;’,QZ,T,“M (2,7, 7)) =

2
1\ [ e
Egi)n,n/ (5) = (2m> / d€1/ dEQf (51) (82) ]_"5102)7:11"3

X GZZn (e 51—52)(;%1&(51)—

272,

it - Here it = (naT).

n2,ns ni,nag

— Gaa** (5 €1 — 52) Gaa (51)i|

ne,n3 ne,n3

X Gﬂ.ﬂ. ( ) Gaa * (62 ):|

- G‘” (e—e1—¢e9) — G;’L‘;nj (e—e1— 62)}

X G’(IZL? ng (51) G?’LZ ns (52)

— G () G (e T (92)
T = 0 = olnr — ol = niy (93)

A similar result for the contribution to the phonon self-energy ¥,p,n(¢) from
phonon-phonon coupling, is given in Refs. 30-33

In deriving the expressions in Eqs. (88), (90), and (92), we employed the stan-
dard resummation techniques for any function ¢(z) that is analytic in the region
covered by the contour C, which encloses all of the Matsubara frequencies. Namely,

we have
62(;5 (iwy) = gﬁdzcoth(2®)¢(z)

(94)
(wn, = 2017O)
for the Bosonic case, and
S} Z Piwn) = =55 Z z)
k4 (3) -
(wp =(2n+1)7O)
for the Fermionic case, with
~(Z 1
Y- - 96
f(@) exp(%)—i—l (96)
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We comment that for the many-body Green’s functions described here, it is cus-
tomary to have the chemical potential situated at zero frequency, as we do here.

In general, the renormalization of the vertex of the functions in the expressions
(88), (90), and (92) for mass operators can be performed using Figs. 1 and 2. The
diagrams in Figs. 1 and 2 corresponds to the equation

oo
n'i'a O 1 (0)n'' o aat
n3137Y3,M4%4Y4 Fn3i3'yg,n4i4'y4 A7 dEf (S)Fn5i5757n6i676 Gn6i676,n7i7"/7 (E)
— 00

oot (e) — Gaat* () Goat* (E)]

ngigYs,n5i575 neteY6,N7i7YT ngigYs,N5i575
O)ngiga i
% F( )ngigag uu (0) 710610010 (97)

n7izy7,neigys — Mooy, N10t10X10 n3i3Y3,n4t4Y4

and

ng,m’ T T ng,n’ n4,n8

1 o0
[msmne _ F(O)"m% -~ / def (g)F(O)"mm
7T — 00

X G(L(L+ (5) Gaa+* (6) _ Gaa+* (E) Gaa+ (6)

n7,ng ns,n10 n7,ng ns,n10
Ng,Ne6 — ; ( )
x Dy, n = mniy. 98

By repeated indices in expressions (97) and (98), summation is implied. The Fermi
level e = pe of the system is determined by the equation:

@- [ " H©)gele)de

1
O e 1 o

where (Z) is the average number of electrons per atom and g.(e) is the many-body
electronic density of states, which satisfies

ge () = —ﬁ Im Tr <G‘m+ (<€)>c . (100)

Here, (...). denotes configurational averaging over the disorder, N is the number
of primitive lattice cells and v is the number of atoms per primitive cell. We drop
the letter ¢ on the configurational averaging for simplicity. In Eq. (99), we have (Z)
is the average number of electrons per atom.

It should be noted that the first term in the electron self-energy due to electron-
electron interactions, Eéle)m%n,i, v in Eq. (91), describes the Coulomb and exchange
electron-electron interactions in the Hartree-Fock approximation. The second term,

(ei) iy (€), which is caused by corrections beyond Hartree-Fock, describes the
effects of electron correlations. The expression for the Green’s function in Eq. (85)
differs from the corresponding expressions for the Green’s function of a single-
particle Hamiltonian of a disordered system only from the different self-energy con-
tributions. Hence, we solve for the Green’s function using the well-known methods

of disordered systems theory.33
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Performing averaging over the distribution of atoms of different sort and local-
ized magnetic moments projection at the sites of the crystal lattice and neglecting
the contribution of processes of electron scattering in clusters consisting of three or
more atoms that are small by the above parameter®® for the density of electronic
states we obtain:

1 s s
ge@) == > P gouy (€) (101)

1,8,0,A,mx;

4 1 ~ ~ - N N ;
Ri(e) = —= Tm { GG G S By
8 (1) #O)N mys

0i60,0i60

T N, 9 PR
x G |:tlj g +T( YAmx; 0i,A m)\/]lj:| G 7

T(2)Amai 08X my sl [I _ t)\mMOiét)\’mA/jljé} 71t)\m>\,50iG~t)\/m>\/]vlj [I n étxmﬂm]
(102)
where G = G (¢).

Similarly averaging of the phonon Green’s function G**(¢) yields the phononic
density of states:

1
ICEED L I HOR

7,a,\
dia(e) = BN Im{é+ GG+ Y Py
9oia TR lj 0i
(15)#(0)
)\/
~ fge ]~ Y 0ia, 0
% G {tA L 4 p(2A0iA lﬂ} G} , (103)
where G = G (g).
The free energy per atom, can be presented by3%:36
F={0®)—0 Sc+ Qc+ Qpn + pe{2) (104)
where (2., 2, are given by
Q. = —@/ In (1+e<ﬂe*€>/@) ge(e)de, (105)
oo
Qpn, = @/ In (1 - e_E/®>gph(£) de. (106)

Here, S. is the configurational entropy.
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Employing the diagram technique outlined above and in Refs. 35 and 36, and
neglecting contributions to electron scattering on clusters of three or more sites,
yields the following for the DC conductivity (w — 0):

2 ee} ~ ’
Oaf = 4671_‘7;11 [m Clé:l;aij1 Z (2555’ - 1)2 {[UBK (5?”&75{ )]

s,8'=4+,— 7,7y
Amng 1o s’ S\ (4 AN S\ 1 s s/ \pAmN; s
+ D B R (e vgen®) (t0" (1)K (61 v 1 )™ (1)
A,ma;
. A O\ i ~ ’ ~ ’
D IR D DI Al [ CORR P BN ChS]
A,mog 15 #01,

’
A AT

« T(Q))\mxiOi)\'mA/jlj (518/)[K(5187 Vs 518/)1)5@(618)]T(2)>\ mx;0,\ my/ ;15 (518)
+ R(gls/a s, 5:18) |:(tl>;‘m>\lj (Els)f((slsv Ve, 518/)t())\i7n>\i (618/)

’

+ (tgmki (515) + t;;mx’j (615)) f((é‘ls,va,&js/)T@)/\ mMOi’A/m*'jlj(é‘lS )

7

+ T(Q))\’mk/jlj,AmMOi (Els)R(Els, Vs Els/)t(/}im/\z‘ (Els/)
!’

+ T(Z))\'mk/jlj,/\mkiOi (618)]’?(518, Vs Els')T(2))\mMOi,)\’m/\/jlj (615 )

+ T(2))\’myjlj7/\m)\i0i (518)}7{(515; Vs 81s')T(2))\’1n/\/jlj7/\mMOi (615/)}} }OW’OIL’y
[ aadaar e 1) (act <sm>>} , (107)

where
K (&5 vael ) = G () vaGo” (&)
G (e1) = G2 (1) (108)

~Naat — ~Naat ~Naat *
G (e7) = Ga (1) = (Go) (=1) -
The electron velocity satisfies the conventional definition

198" (k)

valk) = 55k

(109)

Note that, the computation accuracy is determined by renormalization precision
of the vertex parts of the mass operators of electron-electron and electron-phonon
interactions. This accuracy also can be determined by small parameter of cluster
expansion for Green’s functions of electrons and phonons.
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4. Conclusions

This work presents a new method of describing electronic spectrum, thermodynamic
potential and electrical conductivity of disordered crystals based on the Hamiltonian
of multi-electron system and diagram method for Green’s functions finding. Precise
expressions for Green’s functions, thermodynamic potential and conductivity tensor
are derived using diagram method. The computation accuracy is determined by
renormalization precision of the vertex parts of the mass operators of electron-
electron and electron-phonon interactions. This accuracy also can be determined
by small parameter of cluster expansion for Green’s functions of electrons and
phonons.

The microelectronics phenomena in different submicrostructures, high level
parameter integrations and packing, are very important from many aspects of fun-
damental research. From one side, it is important to fulfill many goals on the way to
miniaturization, but for such scientific question there are many open problems very
creative for advance investigations. Anyhow, the scientific perspectives in classic
semiconductor technologies are not with an open vision to give new fundamen-
tal results. There are strong technological limitations to make thinner and thinner
layers for microelectronics demands. Our research try to open new frontiers and
in the fields of electronics parameter integrations instead of different microde-
vices technological integration (Fig. 1). But, this scientific and research problem
is not easy to understand, because of many open questions and not enough investi-
gated problems and appropriate answers. One of these aspects is much more deeply
and precisely controls of the particles motion and their trajectories phenomena
changes.

Therefore, we have developed the research results on the field of Brownian par-
ticles motion. Also, here we applied fractal nature in Brownian motion chaotically
structures. On that way, we practically developed the mathematical-physics meth-
ods to control chaotically motion and transform to control structures on the way
to real particles order. From these points of view, we are coming to the point to
explain and understand some processes in the nature of material sciences, espe-
cially ceramic structures. For these problems, we have open frontiers to use some
ideas of similarities in the motion of particles from phenomena in the live sys-
tems and to compare with particles motion in inorganic world. All of these are
specific ideas of biomimetic similarities. This Brownian particles motion effects
have a great importance for advanced miniaturization and packaging presented
on Fig. 1.

Some of our experimental results with sub-microorganisms of size between
0.5 pm and 3 pum are inspiration for Brownian motion fractal nature analysis,
which could be applicable for particles such as electrons. For better understanding
of these processes, we provide some necessary tools for further research.
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